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We have investigated the rate v at which negative ions nucleate charged vortex rings
in a series of extremely dilute superfluid *He/*He solutions. Measurements of v were
made at a pressure P = 23 bar (23 x 10° Pa) for temperatures, 7, electric fields, £,
and °He/*He isotopic ratios, x, within the ranges: 0.33 < 7 < 0.61K,
1.0x10 < E<1.5x108Vm™ 21 x1078 < x; < 1.7x1077. A few data were also
recorded at other pressures within the range 19 < P < 25 bar. For each concentration,
and also for nominally pure *He (x; = 1.9 X 1071%), v was measured for the same set
of £ and T. For all the chosen values of x; and P, the form of v(£, T') was qualitatively
much the same, and considerably more complicated than for pure *He. It was found
that v became equal to the nucleation rate v, in pure *He for large E, but that v > v,
for smaller values of E at low 7. The 3He-influenced contribution to the overall
nucleation rate, Av = v—v,, passed through a pronounced maximum at a value of
E that increased with increasing 7'; but the magnitude of A itself decreased rapidly
with increasing 7. Plots of v against x, for fixed P, £ and 7 show a marked upward
curvature for the lower values of £ and 7, but become linear within experimental
error above ca. 0.5 K. A model is proposed (in two variants) in which the complicated
behaviour of v(E, T') is accounted for in terms of changes in the average occupancy
by 3He atoms of trapping states on the surface of the ion, it being proposed that the
nucleation rate v, due to ions each having one trapped *He atom, is very much greater
than v, for bare ions. The nonlinearities in »(x,;) are interpreted in terms of the
simultaneous trapping of two (or more) *He atoms on a significant fraction of the ions.
It is shown that the model can be fitted closely to the experimental data, thereby
yielding numerical values of v, of the ®He binding energy on the ion, and of a number
of other relevant quantities. From the form of v,(F), it is deduced that the addition
of a 3He atom to a bare ion affects its propensity to create vortex rings in two ways:
the critical velocity for the process is reduced by ca. 4 m s™!, and the rate constant
is increased by a factor of ca. 103. The implications of these results for microscopic
theories of the vortex nucleation mechanism are discussed.

1. INTRODUCTION

An unexpected observation made earlier in our research programme on the breakdown of
superfluidity in liquid *He was that the presence of minute proportions of *He isotopic impurity
could exert a quite astonishingly potent influence on the propensity of negative ions to create
quantized vortex rings. Under some conditions, even the small proportion of *He present in
commercial helium (for which the ®He/*He ratio x, is typically 2 x 1077) was sufficient to alter
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by an order of magnitude, or more, the rate v at which rings were nucleated. For this reason,
our initial experimental studies (Bowley et al. 1982) of vortex nucleation in liquid helium were
completed on the basis of “He which had been isotopically purified to a very high standard.
In the present paper we report and discuss the results of a new series of experiments in which
we have investigated systematically the effect on v of the deliberate addition of tiny traces of
3He to pure *He. In view of the extraordinary sensitivity of v to x;, the phenomenon may be
regarded as one that is of very considerable interest in its own right. An additional and, in some
ways, more important motivation for the measurements described below, however, has been
our hope that such studies might yield information about the nature of the microscopic vortex
nucleation mechanism itself. A brief preliminary report (Bowley et al. 1984) summarizing some
of the more important results and conclusions from the work has already been published.

The earlier papers in this series on the breakdown of superfluidity in liquid *He have been:
Allum et al. (1977), hereinafter referred to as I, describing an experimental test of Landau’s
explanation of superfluidity; Ellis e¢ al. (1980), hereinafter referred to as II, on excitation
emission from negative ions travelling at extreme supercritical velocities; and Bowley et al. -
(1982), hereinafter referred to as III, on vortex nucleation by negative ions in isotopically pure
liquid *He. Paper I11 is, of course, the most directly relevant to the present work, and we shall
make frequent reference to it throughout the rest of this paper.

The plan of the paper is as follows. In § 1 (¢) we review briefly some important developments
in the theory of vortex nucleation that have occurred since the publication of III. Relevant
earlier work on the negative ion in dilute ®He—*He solution is discussed in §1 (), and the *He
surface states that are believed to exist on the negative ion are described in §1 (¢). Experimental
details are presented in §2. The methods developed for the control and adjustment of x, are
described in § 2 (a) ; and the precision and accuracy of the thermometry near 0.3 K (which were
unimportant for the pure ‘He measurements of I11 because v was then temperature independent)
are discussed in §2 (b). Although a full exposition of the technique used for the measurement
of v was presented in I1I, the work described here has required an extension of the measurements
to considerably lower values of electric field than were used in III. Accordingly, a justification
for the use of the same technique under these conditions is given in §2 (¢). An extensive set of
experimental data is given in the form of graphs in §3 and, of these, a further small selection
is also presented in tabular form in Appendix B.

As we shall see, it turns out that, in the limiting case of low concentration, as x, >0, the
3He contribution to v varies linearly with x,. A theoretical model describing this linear régime
is developed in §4. The model is first presented, in §4 (a)—(d), in the simplest possible form, on
the assumption that only one state for bound ®He exists on each ion. In §4 (¢) we generalize the
model to allow for the fact that, in reality, there will be many such bound states, with a range
of energies, on each ion as discussed in §1 (¢). We do so in two different ways. In the first of
these, we propose a model in which all the parameters involved (the instantaneous nucleation
rate, the *He absorption cross-section and the ®He +rotons emission rate) are independent of
{, the angular momentum quantum number. We call this model A. In the second model, we
take the ®He + rotons emission rate to vary with the energy ¢, of the bound *He atom in a specific
way: since the energy is already known, this assumption introduces no additional unknown
parameters into the model. We call this model B. By comparing the values obtained for the
parameters of these models, we can infer the uncertainty in them arising from our
approximations.

In §5(a)—(d) we fit these two variants of the model to the experimental data, thereby

35-2
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obtaining numerical values of a number of important parameters, including the *He binding
energy on the negative ion and a characteristic rate v, (dependent on electric field) for the
nucleation of vortex rings by an ion with a single trapped *He atom. Information about the
(weakly temperature-dependent) ionic absorption cross-section for ®He, and the emission rate
of 3He atoms from the ion with rotons, is also obtained; but only in the form of a ratio of the
respective constants. We shall see that both forms of the model give gratifyingly good agreement
with the data, but that model B appears on balance to be superior. In §5 (¢) we discuss the
form of the deduced values of v, (£) and show how it can be accounted for in terms of a reduced
critical velocity and an increased instantaneous vortex nucleation rate, as compared with those
of a bare ion.

The nonlinear régime is discussed in § 6 (a)—(¢). It is suggested.in § 6 (@) that the nonlinearities
correspond to the onset of conditions such that an increasing number of ions have two trapped
3He atoms at any one time. The necessary extensions to the model of §4 (a)—(¢) are developed
in §6 (b) and fitted to the experimental data in §6(c). As we shall see, fitting the data of the
nonlinear régime in this way is especially advantageous in that it then becomes possible to derive
absolute values of the ®He absorption cross-section. By comparison of these with the ratio of
constants obtained from fits in the linear régime in § 5 (¢), it then also becomes possible (in §6 (d))
to determine absolute values of the (electric-field-dependent) ®He emission rate. In §6 (¢) we
discuss in a fairly speculative way some possible mechanisms underlying the 3He effect, and
the extent to which the data presented in this paper may help to illuminate the vortex nucleation
process itself.

Finally, in §7, we try to sum up the current experimental and theoretical situation, by taking
stock of what has now been established with reasonable certainty and what still remains
obscure; and we suggest some further avenues which might with advantage be explored in the
future.

A glossary of the main symbols used in the paper is given as Appendix A.

(a) The vortex nucleation problem

The experimental and theoretical background to the present work has already been discussed
in some detail, in III. After the publication of that paper, however, some important
developments have occurred in the theory (Muirhead et al. 1984; Bowley 1984). These are
believed to be potentially of great significance for the interpretation of the *He effect studied
in the experiments reported here, and we therefore present a very brief summary of what has
been achieved. This should be considered in conjunction with the discussion in III, particularly
including §1 (a)—(¢) and §4 (¢) and (d).

Although they differ in a number of important details, both Muirhead et al. (1984) and
Bowley (1984) adopt the same basic approach in tackling the fundamental problem of how
a vortex ring is created ab initio in the superfluid by a moving ion. They start from a suggestion
put forward by Vinen (1963) more than twenty years ago, namely that the creation of a vortex
in the liquid is impeded by an energy barrier; and they develop this idea within the context
of the generalized Landau argument (Rayfield & Reif 1964; Schwarz & Jang 1973) that has
already been discussed in III.

Muirhead et al. treat each of the two possible configurations that have been proposed for
the initial vortex relative to the ion: the loop suggested by Donnelly & Roberts (1971) and
the encircling ring of Schwarz & Jang (1973). Bowley considers only the latter configuration
but does so starting from a more fundamental standpoint. Both papers make explicit allowance
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INFLUENCE OF *He ON VORTEX NUCLEATION 541

for the quantum zero point energy of the initial vortex and both recognize that the principal
difficulty in making accurate quantitative predictions lies in our present ignorance of the
detailed structure and energy of the vortex core, this being of considerable importance on
account of the small scale of the nucleating configuration.

At the risk of over-simplification, but in the interests of conveying the main physical ideas,
we will now try to summarize the basis and the principal conclusions of these calculations. It
is assumed in both cases that, in the transition from bare ion to ion plus vortex, impulse must
be conserved. Hydrodynamics is then used as a basis for calculating the energy difference AE
between the initial and final states as a function of the radius of the vortex (assumed to be an
arc of a circle, for loops), for different initial velocities v; of the ion. The results of these
calculations take the forms sketched in figure 1 (a) and (4) for rings and loops respectively

AE A (a) A 0)) V<Ug,
v <ver
V="U¢,
-
—— L
VN V=Ucr R4
’ . ’ -
L N S ’
PP N I
II e AN PR
| /I,/ N // Vi v> Ve
i \ s -
II:I s
1) V2 VUer "y
"
[ o
”
oA > 0 >
=Ry R \—/

Ficure 1. Sketch of the energy barrier that is believed to impede the creation of a vortex in the superfluid by a
moving ion (after Muirhead et al. 1984) for two possible nucleating configurations: (a) vortex rings; and (&)
vortex loops. In each case, the difference in energy AE between a bare ion and an ion+ vortex is plotted as
a function of the radius R of the vortex for three initial velocities ». The critical values v,z and v,y, refer to
the creation of rings or loops respectively. The full curves indicate regions where AE can be calculated explicitly
and the dashed ones represent reasonable guesses of the form which must be taken by AE(R) in the core-
dominated region, where quantitative calculations are currently not feasible.

(Muirhead ef al. 1984). The dashed regions of the curves, lying in the core-dominated region
where AE cannot at present be calculated, are based on plausibility arguments. It is thus being
suggested that AE must be zero for a ring of a radius such that it effectively coalesces with its
hydrodynamic image in the ion; and that a vortex loop of zero radius must also have AE = 0.
In each case, it is argued, the energy difference AE will be likely to rise smoothly from zero,
eventually joining up with the relevant full curve in the region where the energy resides mainly
in the flow field around the core and the calculation of AE can be carried through explicitly.
For the transition to occur at all, AE must of course be zero, which can only be so if v exceeds
a critical value v, or v,q, for rings or loops respectively. Calculated values of these critical
velocities are uncertain to the extent that the vortex core parameters are unknown, but they
appear to be consistent with the experimental values reported for the first critical velocity vy,
in ITI.

Considered in this way, vortex creation can be viewed as an example of quantum tunnelling:
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no matter whether the initial vortex is a ring or a loop, it is clear from figure 1 that the initial
and final states are separated by an energy barrier in the sense that there are no energetically
allowed intermediate states through which the system can pass during the nucleation process.
However, this viewpoint does present some conceptual difficulties. One can quite reasonably
enquire as to the nature of the entity that is doing the tunnelling. There appear to be two
possible approaches to this question. The first of these is to say that one is observing a transition
between two different stable flow patterns of the superfluid as a whole, starting without a vortex
and ending with a vortex present; that these states are separated by an energy barrier; and
that it is the whole system that tunnels from the initial to the final state. Alternatively, perhaps,
one might envisage the vortex itself as existing transiently in some kind of virtual state, at vortex
ring radius 7 = R;, the ionic radius, or 7 = 0 respectively for rings or loops, before tunnelling
through the barrier in the usual quantum mechanical way.

The latter picture does not really seem to stand up to close scrutiny, however. To calculate
the tunnelling rate in the W.K.B. approximation, an attempt rate is required; and this then
determines the scale of the nucleation rate. One immediately encounters a philosophical
difficulty for, if an entity does not exist, how can it attempt to tunnel? If the entity does exist
before tunnelling, but only in a virtual state, what then will govern the attempt rate? Muirhead
et al. argue that the only frequency scale in the problem is the cyclotron frequency of the vortex

® = py &/ M,

where « is the circulation of the vortex, M is its effective mass per unit length and p, is the
‘He density. This interesting suggestion still does not fully resolve the conceptual problems
referred to above, however, because the cyclotron motion in question must surely refer to the
vortex after creation, and not before. We may also note that it would appear to be inconsistent,
in a formal sense, to couple the idea of a virtual state with calculations based upon a tunnelling
model: the concept of a virtual state is derived from perturbation theory and automatically
carries with it the implication that nucleation rates should be calculated not on the assumption
of tunnelling, but by use of the formulae of traditional perturbation theory. In any case, the
process under discussion clearly differs in important respects from, for example, the tunnelling
of an individual electron from a metal during field emission, where the electron exists as a
discrete entity both before and after the tunnelling event occurs. Furthermore, the latter process
involves only one electron, whereas vortex nucleation involves a discontinuous change in the
collective motion of a very large number of helium atoms. If; therefore, vortex nucleation is
indeed to be regarded as occurring through tunnelling, then it must be an example of macroscopic
(or semi-microscopic) quantum tunnelling.

Muirhead et al. have shown that the critical velocity for the formation of a vortex loop is
apparently less than that for the formation of a ring. The two calculations in question each
incorporated exactly the same assumptions about the vortex core so that, although these are
quite likely to turn out not to be exactly correct, there seems no good reason to suppose that
a more refined version of their theory would invert the relative magnitudes of the two critical
velocities (although their absolute values could well be in error). Muirhead ¢f al. have also
been able to demonstrate that the rate of tunnelling through the calculated barrier for
loops would probably be of the right order of magnitude to account for the experimental
data of III.

Bowley’s calculations refer exclusively to the encircling ring of Schwarz & Jang (1973).
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Taking advantage of certain simplifications that arise because of the cylindrical symmetry of
this configuration, he has been able to treat the initial vortex explicitly as a quantum object,
which consequently has zero point motion and quantized energy levels within the well which
exists beyond the energy barrier of figure 1(a). He makes appropriate allowance for the
existence of the zero point energy in calculating the critical velocity and he also considers other
possible transitions to excited states of the vortex—ion system. The nucleation rate is calculated
on the basis of Fermi’s golden rule. The step-like increase in the nucleation rate observed in
the experiments (see III) is ascribed to the onset of a new set of allowed transitions,
corresponding to occupation of the first excited cyclotron level (transitions to excited states
involving vortex waves being considered relatively improbable in view of the cylindrical
symmetry assumed by the model). The magnitudes of the matrix elements for these processes
are then estimated from the experimental data of III.

Note that a numerical discrepancy exists between the potential for nascent rings as calculated
by Muirhead ¢t al. and by Bowley. This arises from the different approximations used for the
structure and energy of the vortex core. In particular, Bowley assumed a hollow core and he
explicitly required that the law of conservation of matter was obeyed. Muirhead et al., on the
other hand, have used a treatment of the core that is based on solutions of the Ginsburg—Pitaevskii
equation by Jones & Roberts (1982).

This, then, concludes our outline description of the two variants of the tunnelling model.
Each of the sets of calculations also introduces other novel features which appear to aid
comparison with the experimental measurements of III, but we will defer further discussion
of the microscopic nucleation mechanism until §6(¢), after we have seen what additional
information can be gained from the study of the *He effect that forms the main topic of the
present paper. '

(b) The negative ion in dilute *He—*He solutions

It has long been known that adding quite small proportions of ®He to Henr can greatly
increase the propensity of negative ions to create vortex rings. Rayfield (1968) discovered that
the maximum observable drift velocity for bare ions (that is the drift velocity above which ring
creation occurs in a time that is short compared with the transit time across the cell) in a solution
with x; = 1.25 x 107* was reduced by several metres per second compared to the same quantity
in ‘pure *He’. Similar results were also obtained by Neeper & Meyer (1969). (However, in
neither case does the *He seem to have been isotopically purified, so that when these authors
mention ‘pure *He’ they are probably referring to naturally occurring helium, for which
x3 & 2x1077.) Rayfield pointed out that, while the behaviour of the negative ion was markedly
altered by the addition of ®He, that of the positive ion remained unchanged. A possible
explanation, he suggested, was that the added 3He could lead to modifications in the structure
of the negative ion, but not in that of the positive one.

Dahm (1969) proposed that the modifications in question might correspond to the binding
of 3He atoms to the surface of the negative ion. Because of its bubble-like structure, the ion
presents a free surface quite analogous to that of bulk liquid helium and on which ®He atoms
can be trapped in much the same way as that discussed by Andreev (1966) in accounting for
the temperature dependence of the surface tension of dilute *He—*He solutions. The physical
origin of the binding arises from the larger zero point energy possessed by a *He atom, on
account of its having a smaller mass than a *He atom. This energy can be reduced if the 3He
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atom moves to a region where the density of the surrounding liquid is relatively small, and
it will consequently be attracted to any free surface of the liquid, including that presented by
the negative ion. No such considerations apply to the positive ion because, far from being a
void, it consists of a region of increased density (and may actually be solid), so that a ®He atom
will be repelled rather than attracted. Support for Dahm’s suggestion was provided by the
experiments of Ketterson ¢t al. (1971) and Kuchnir et al. (1972), who measured the mobility
4 of negative ions in a range of 3He—*He solutions (7.7 x 107% < x, < 3.3 x 1073) and found
clear evidence for a maximum in g at about 0.4 K, which they attributed to the effect of
3He condensation on the ion. They estimated that the corresponding binding energy was
about 2.5 K.

The first direct measurements of v in dilute *He—*He solutions (6.9 x 107% < x, < 2.4 X 107%)
were due to Zoll & Schwarz (1973) and Zoll (1976). Consistent with the earlier observations
of Rayfield, and Neeper & Meyer, they found that v was indeed substantially increased by
the addition of ®He to natural helium.

In all of the pioneering experiments described above, the possibility that the ca. 2 x 1077 of
3He present in naturally occurring (gas well) helium might be sufficient to affect v appears to
have been overlooked. Yet, as we shall see, even this tiny concentration of 3He can exert a
profound influence on the nucleation process, changing v by an order of magnitude or more.
In fact, as discussed in §2 (¢), the strongest of the several 3He—*He solutions used in the present
experiments, with ¥, = 1.72 x 1077, is closely equivalent to what was regarded as ‘pure *He’
in that earlier work.

Although, as already indicated, there is good evidence suggesting that the 3He which
influences v is that which is trapped on the outside of the ion, rather than that dissolved in
the bulk liquid, the mechanism of the effect has remained a mystery. Dahm made two
suggestions. First, he proposed that the condensed *He would reduce the surface tension and
thus cause the ion to expand slightly, which would then be expected to reduce the critical
velocity. Such an effect is certainly to be anticipated but, as we shall see, its magnitude would
be far too small to account for the extreme sensitivity of v to tiny values of x;. Secondly, Dahm
suggested that v might be modified because the presence of even one bound *He atom would
drastically alter the boundary conditions at the surface of the ion. We shall return to consider
these ideas, and some other possibilities, in more detail in §6 (¢). For now, we will simply accept
as a working hypothesis that the presence of trapped *He at any given moment increases the
probability per unit time that the ion in question will nucleate a vortex ring.

(¢) Surface states of *He on the negative ion

The experimental data to be presented in §3 show that, when ®He is present in the He,
v varies with temperature 7" and electric field E in a very much more complicated manner
than for the isotopically pure *He discussed in III. In §§4 and 5 we shall seek to demonstrate
that, despite the complexity of v(E, T,x,), almost all of the observed phenomena can be
accounted for in terms of two distinct (field-dependent) nucleation rates: one rate characteristic
of a bare ion, as has already been discussed in III; and a second rate characteristic of an ion
with one trapped *He atom. We will suggest that the variation of v with £ and T arises in
large measure from changes in the average length of time for which a *He atom remains on
the ion, after being trapped, before being re-emitted ; and, as already mentioned, we will show
in §6(b) that the onset of nonlinear effects corresponds to the physical conditions becoming
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such that there will be, at any given time, a significant fraction of the ions with two or more
trapped *He atoms. To be able to calculate the average number of bound 3He atoms it is clearly
necessary to have detailed information about the He surface states in question. In particular,
we shall need to know their energies and degeneracies.

Shikin (1973) proposed that bound 3He on the negative ion could be considered as existing
in a spherical potential with a hard core. On this basis, the surface states can be characterized
by a quantum number /, and have energies

€ =€ +gl(l+1), (1.1)
where g = f?/2my R?, (1.2)

the degeneracy of each level is 2(2/+1), and [ runs from zero up to L, the maximum value
for which ¢, is negative. Here, ¢, is the depth of the potential well (with a negative absolute
value), mg is the effective mass of the 3He atom in a surface state and Ry is a typical radius
for the state, which we may suppose to be greater than the radius R; of the ion. Shikin was
able to demonstrate that the characteristic damping length for the wave-function of the bound
state was much smaller than the ionic radius, thereby confirming that the model was
self-consistent.

The number 7, of bound *He atoms on a stationary ion in thermal equilibrium is then given
by the usual Fermi sum, so that

L e —p -1
ny, = 2 2(21+1){exp(k T)+1} . (1.3)
1=0 B
To evaluate n;, we require numerical values of €y, mg, and R. For any given temperature, the
chemical potential, 4, is of course determined by the value of x, in the surrounding liquid. No
reliable estimates of my exist for states on the (spherical) surface of the ion, although Edwards
& Saam (1978) have quoted a value of (1.45+0.1) m, for *He states on the (plane) surface
of bulk liquid. We may anticipate, however, that mg for the negative ion at 23 bart will be
larger than this: first because of the increased density of the pressurized liquid; and secondly
because the zero point pressure of the trapped electron will cause the 3He atom to lie deeper,
on average, in the wall of the ion than it would in a helium surface exposed to a real vacuum.
We have therefore made the (somewhat arbitrary) assumption that mg = 2.0 m,. Again, it is
by no means clear what value we should take for Ry, the radius of the *He orbit. Noting,
however, that the ionic radius at 23 bar (Ellis ez al. 1983) is 1.15 nm and that the average volume
occupied by a *He atom has a radius of ca. 0.15 nm, we have assumed that R, = 1.3 nm.
Inserting these values of mg and R, into (1.2) we find that g/ky =~ 0.024 K. The well depth
€, is better known but, once more, most of the calculations refer to the plane surface of bulk
liquid. Lekner (1970) showed how to obtain a single-particle Schrédinger equation for the
bound states of *He on both plane and spherical surfaces. His ideas were developed by Saam
(1971) and by Chang & Cohen (1973) for plane surfaces, these calculations being reviewed
in Edwards & Saam (1978, §11). The theory of Chang & Cohen predicts ¢, = —2.353 K,
remarkably close to the value derived from surface tension experiments (Edwards & Saam
1978) of —2.2240.03 K. No such calculations or experiments have so far been made
for the bare surface of the negative ion. To acquire some feeling for the relative magnitudes

t 1 bar = 10° Pa.
36 Vol. 313. A
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of the various physical quantities involved, we will take the (zero pressure) plane surface
experimental value of —2.22 K, for now (but we will find in §5(4) that values of ¢, can in
fact be deduced from the experimental data to be presented in §3).

Inserting into (1.1) the numerical values of the constants discussed above we find that the
energy level structure for *He in bound states on the ion should be as shown in figure 2. There
are thus ten energy levels to be considered, containing some 200 states in all.

(e/kg)/K
|

SN W

I=

Ficure 2. Energy levels of the surface states available to a ®He quasiparticle trapped on a stationary negative
ion in Hem, according to Shikin (1973) and based on the parameter values discussed in the text.

We must now introduce an important caveat. The discussion so far has centred on the 3He
states that exist on a stationary ion, whereas the experiments to be described below refer
exclusively to ions which are moving at many tens of metres per second. Fortunately, the
resultant departures from Shikin’s model are expected to be small. The energy levels will be
shifted slightly, owing partly to the inertial mass of the 3He and partly to the existence of a
backflow around the moving ion. Furthermore, some of the degeneracy of the states is lifted.
States of common /, but different /,, will be shifted relative to each other by varying amounts.

To estimate the size of the effect, we suppose that the shift Ag; ,, in the energy of the bound
3He atom is proportional to the kinetic energy of the fluid that it displaces. Thus, if the 3He
atom occupies a volume Vj, then

V, Ut
Ael, m= f‘ﬁf m(r) —gp‘1—23__§¢l, m(r) d37:

where £ is a constant of order unity, Uy is the backflow velocity, m is the usual angular

momentum quantum number (such that [, = m#) and ¢ is the *He wave-function specified by
!/ and m. Then, for an ion travelling at velocity U

6

R
Ae, :5&?_@2 J &1y, (7) 2B (c03 0) + Py(cos O)}.

,m
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The P,(cos 0) term shifts all levels equally and can therefore be accommodated by a redefinition
of the binding energy of the ®He. The P,(cos 0) term lifts the degeneracy of the states of different
l,. For example, for [ = 1, the /, = 0 state is raised in energy by £p, V; U?R§r¢/20 and the
[, =+# states are reduced in energy by half this amount. For R¢r ¢ =1, £~ 1 and
U = 50 m s71, this corresponds to a splitting of the levels by ca. 0.07 K; and the corresponding
shift in all the levels, arising from the F,(cos ) term, can be estimated at ca. 0.045 K. Thus,
if the ambient temperature were of order 0.07 K or less, the motion-induced modifications to
the energy levels would become noticeable and would need to be taken explicitly into account.
For the present experiments, however, all of which were conducted above 0.3 K, the departures
from Shikin’s energy level structure of figure 2 will be relatively unimportant, provided that
we redefine ¢, in such a way as to include the effect of the small velocity-dependent term.

2. EXPERIMENTAL DETAILS

The cryogenic arrangements employed in these measurements were essentially the same as
those used in I, IT and III, and have been described in I. However, the need to maintain and
determine accurately the concentration of 3He in each of the dilute solutions has involved the
development of a number of novel techniques, which we shall discuss in § 2 (a). After exploratory
measurements of the nucleation rate in dilute solutions had revealed a strong dependence upon
temperature below 0.5 K, it was realized that a worthwhile analysis of the effect would require
an improvement in the accuracy of temperature determination. To this end we used a calibrated
germanium resistor; we shall discuss its use briefly in §2(4).

In §2 (c) we shall discuss the validity of our electrostatic induction technique in low electric
fields. Previously, the lowest electric field in the drift space was ca. 5 X 10* V. m™!, whereas our
present measurements have involved fields down to ca. 10* V. m™. The reason for possible
doubts about the reliability of the technique in low fields stems from our implicit assumption
that an ion which nucleates, and becomes attached to, a vortex ring will instantly stop
contributing to the induction current. In high electric fields the vortex rings slow down so
quickly that this must indeed be so; in low fields there may, however, be a significant
contribution from the current of charged vortex rings, which could lead in turn to an
underestimated nucleation rate. We shall attempt to assess the magnitude of this effect.

(a) Measurement and control of the isotopic ratio

Pressurization of the experimental chamber is effected through use of gas from a pair of
standard gas bottles, one of which contains normal commercial *He (x; & 2 x 1077), while the
other contains isotopically purified *He. This nominally pure *He was the initial product of
the continuous-flow purifier described by Ngan e al. (1981). It was subsequently found to
contain very small residual traces of 3He, but at a level (x; = 1.9 X 1071%) which, as we shall see
in §3, can be considered negligible as far as the present experiments are concerned. In what
follows, therefore, we shall refer to it as pure *He. (Suspicions that even this minute level of
3He could conceivably affect our nucleation-rate measurements were allayed by comparison
with earlier results in a sample for which x, < 10715.) Initially, the chamber is pressurized with
pure *“He up to the working pressure (usually 23 bar), and then as the measurements progressed,
successively stronger ®*He concentrations were employed, measurements of v(E, T') being
repeated for each concentration.

36-2
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The method by which the concentration is adjusted and controlled was developed from a
technique first suggested by Neeper & Meyer (1969), which relies on the ‘heat flush’ effect
in Her. This well known phenomenon occurs whenever Hen is subjected to a temperature
gradient and results in pure superfluid flowing up the gradient while the normal fluid
component, including any impurities that are present, flows down the gradient.

We now consider the length of capillary tubing leading to our experimental chamber. The
temperature at the chamber end can be maintained at, say 0.5 K, while the other end of the
capillary is thermally anchored to the *He pot at 1 K, thereby giving rise to a temperature
gradient along the capillary. We suppose the chamber (and capillary) to contain a dilute
solution of ®He in *He of isotopic ratio x} at a pressure P,. If we reduce the chamber pressure
slowly enough, then the heat-flush effect ensures that only pure superfluid will flow from the
chamber and out through the capillary, while the normal fluid, containing solute 3He atoms,
will remain behind. Next, after the pressure has fallen to some value P;, we repressurize the
chamber with helium of known 3He concentration, x5, from our cylinder of natural *He, the
result being that ®He atoms are forced into the chamber. Thus, when we stop repressurizing
at a pressure F;, the chamber will contain helium at an increased *He concentration x,. It is
straightforward (see Appendix C) to demonstrate that this is given by

.V V,
=) .

where ¥V, is the molar volume of liquid *He at the given pressure.

Values of V, (P, T') are readily available from a number of sources (we have used the values
given by Brooks & Donnelly (1978)); and a sample from our cylinder of natural helium has
been analysed by mass spectrometry and found to have an isotopic ratio x5 = 1.64 x 1077. The
only other quantity we require is the initial concentration x} which, since we pressurize the
chamber initially with pure *He, is zero for the first concentration adjustment.

To ensure the success of this technique some precautions must be observed. First, since the
molar volume is a function of 7" as well as of P, we have taken care to maintain the chamber
at ca. 0.5 K throughout any concentration adjustments. Secondly, the flow velocity of liquid
out through the capillary must not be so high that 3He atoms can get entrained by the flowing
turbulent superfluid (in the manner of the operation of a vortex refrigerator) and hence carried
towards higher temperatures. Consequently, the cell is depressurized slowly.

Two other precautions must be taken, the need for which is less obvious. We have remarked
that a complete set of v(E, T') data was recorded at each concentration, with a fixed pressure
of 23 bar. Now, this pressure will tend to fluctuate slightly, owing principally to variations in
the level of the liquid helium in the main bath and so, to maintain a constant pressure, it is
necessary to allow gas to escape from or to enter the top of the capillary. If the tubing leading
to the capillary and chamber were left containing natural *He, then the frequent small
adjustments made to maintain a constant pressure would each result in pure *He leaving the
chamberand natural *He entering, consequentlyleading toa steady increase of the concentration.
Although this effect is small, a significant increase in the concentration could occur over the
length of time required to complete the measurements for any given value of x;. To avoid this
potentially large source of error we have adopted the following procedure. After we have
reached the final pressure, F;, the chamber is again depressurized to a pressure of ca. 10 bar.
Although only pure *He leaves the chamber and capillary, this has the effect of removing any
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3He left in the tubes at 7" > T,. We then repressurize the chamber to F; with pure *He so that
the tubes and capillary leading to the chamber contain pure *He. The net effect, of course,
is that the chamber concentration is left unchanged.

The other precaution we must take is to ensure that, once the chamber contains a 3He/*He
solution, its temperature never exceeds, or even approaches 7). If this were allowed to happen
then the density anomaly at the A-point would result in an unpredictable quantity of 3He
leaving the chamber. Therefore, the pumped *He pot had to be maintained at ca. 1 K
throughout the several weeks of an experimental run.

The values of P, P,, F; were usually chosen as 23, 2 and 23 bar respectively. The choice of
P, = F; = 23 bar was determined by the fact that this was the pressure we used for most of the
nucleation rate measurements, while P, was chosen to give a suitable concentration change.
This gives = xl+0.13x0
so that each concentration adjustment increases the chamber concentration by 0.13x}. In
practice, the pressures P, P, and P, were not always exactly those quoted, which is the reason
for the slight variation (see §3) in the amount by which the concentration increased for each
set of v(E, T') data.

Assuming that the above techniques are strictly adhered to, we believe that by far the largest
source of error in our values at x; lies in the determination of x5. Analysis of a sample of our
natural helium by mass spectrometry gave x§ = (1.64+0.05) x 1077, so our quoted values of
x5 are subject to an error of +39%,. At the end of each run a sample was taken of the chamber
contents and subjected to analysis. Within the accuracy of the analysis we found that, even
after as many as eight concentration adjustments, the *He concentration was identical to that
calculated from (2.1), thereby conforming the reliability of the technique.

(b) Thermometry

In common with the earlier sections of the research programme (I-III), the temperature
of the helium sample was measured by means of a carbon resistance thermometer (Speer Carbon
Co., nominal 470 Q), which was glued into a copper jacket soft-soldered to the outside of the
sample chamber. Because of the increased importance of the temperature range
0.3 > T'> 0.5 K for the present work, however, compared with that in pure *He, where v is
almost temperature-independent below 0.5 K, the calibration procedure for the thermometer
had to be extended to cover the full range 0.3 > 7 > 1.0 K rather than, as previously, simply
extrapolating our 7 > 0.5 K *He vapour pressure calibration downwards in temperature. This
was accomplished by comparison of the carbon thermometer with a pre-calibrated germanium
resistance thermometer (Lake Shore Cryotronics Inc., model G12-200A-100).

The resistance R of the germanium thermometer was determined by means of a d.c.
four-terminal technique, the usual precautions being taken to ensure that the measuring current
was kept well below the level where self-heating could become a problem, and its polarity
being reversed to eliminate the effect of thermal e.m.fs. The resistance Ry of the carbon
thermometer was more rapidly and conveniently read by use of a conventional a.c. Wheatstone
bridge arrangement. For temperatures in the range 0.3 < 7 < 1.0 K, the corresponding
resistance ranges were 21708 > R > 840 Q and ca. 8000 > R > 2000 Q respectively.

The calibration procedure involved obtaining corresponding resistance values for the two
thermometers at several temperatures within the range with, where possible, 3He vapour
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pressure measurements in addition. The temperatures determined from the germanium
resistance and from the ®He vapour pressure invariably agreed within experimental error. Using
the germanium derived temperatures we then fitted the empirical relation

T-1 = A+ BR+CR, (2.2)

given by Hetzler & Walton (1968) to the resistance values measured for the carbon
thermometer. This equation was found to fit at the calibration points, throughout the entire
range, to much better than + 1 mK. Allowing for the errors in the calibration of the germanium
thermometer, and for a number of other possible sources of error, we believe that our quoted
values of T are accurate to within +2 mK.

(¢) Measurement of the nucleation rate in low electric fields

Our measurements of the vortex nucleation rate rely on the assumption that any ion which
nucleates, and becomes attached to, a vortex ring immediately stops contributing to the current
induced in the collecting electrode. In high electric fields this is certainly a valid assumption:
the bare ions are initially moving with a large drift velocity, whereas a charged vortex ring
is subject to an extremely rapid deceleration as soon as it is created.

In our earlier work (III), we restricted our attention to £ > 5x 10* V m~! and no attempt
was made to calculate explicitly the effects of the charged-vortex-ring current since we were
confident that it would be negligible. For the present measurements, however, we have
extended the range of electric fields down to 10* V m~1. Although we may still suspect that
the vortex current will be negligible, some formal justification for this assumption should now
be given. We shall therefore attempt to derive an expression for the errors in our measurements
of the nucleation rate resulting from our neglect of the vortex current.

In ITI it was shown that if we have @, ions at time ¢ = 0, then the bare ion current induced in
the collector at time ¢ is

Ig(t) = =~ (2.3)
where v is the vortex nucleation rate, v is the average drift velocity of the bare ions, and L is

the cell length. We now need to consider the additional contribution to this current due to the
charged vortex rings created by the ions. The rate of creation of vortex rings is given by

dQ/dt = Q,ve™ (2.4)
so that the number created in the time interval d¢’ at ¢ is
dQ = Q,vet'dt. (2.5)

At a time ¢ > ¢, these vortex rings will be moving with a velocity v, (t—'), and the induced
current due to vortex rings will be

t oy
L) = J Qoell=l) oty gy (2.6)
0 L
The total current is therefore
Qoﬁ —vt t L t’ vr(t_t/)
1(t) = Ig(t) + 1.(¢) = DALl 1+et | e™ th'—ﬁ——— . (2.7
0
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It can be shown (see Appendix D) that the second term in the curly brackets leads to the
measurement of an apparent nucleation rate v, which, to a good approximation, is related to
the real nucleation rate by

1
d .__VVa = 0.0067 (_Z:) {4.0+0.5 In (1 + 1330 Et)} (2.8)

where v and v, are ins™!, Eisin V. m™ and ¢ is in s. Noting that the ions take typically 107*s
to cross the induction space we find that, for the range of E where we have analysed data
(2x10* < E<2x10°V m™!), the experimental measurement of v, underestimates v by a
fraction that is always less than 39, and so we are justified in neglecting the difference.
Consequently, in the data reduction leading to the values of v presented in §3, we have ignored
all effects arising from the vortex current.

3. EXPERIMENTAL RESULTS

In this section we present a representative selection of the experimental results, and we
comment upon them briefly; detailed quantitative analyses of the data, and a discussion of their
physical significance, are reserved for §§4-6.

As has already been reported in III, v is strongly dependent upon each of the four parameters
P, E, T and x,. Unlike that earlier part of the research programme, however, where we held
x5 fixed at zero, in the present work we have, as indicated above, allowed x; to vary up to a
value approximately equal to that found in naturally occurring helium. The volume of the
resultant parameter space is, of course, so huge that it would have been impracticable to attempt
a systematic study with a series of equally spaced measurements taking in all of the different
permutations of the four variables. For the research to have been completed within a finite
period, such measurements would have had to have been too widely spaced in any given
variable to reveal in sufficient detail the interesting behaviour that we will describe below.
Rather, we have fixed three variables at a time, and then investigated in fine detail the variation
of v with the fourth one; and we have done so for fairly widely spaced triads of fixed variables,
while concentrating on those regions of the parameter space which appeared on the basis of
preliminary measurements to be potentially the most interesting. In most cases we have either
made measurements of v(E) for fixed x;, P, T (which we shall refer to as ‘field scans’) or we
have measured v(T) for fixed x;, P, E (‘temperature scans’).

Most of the data refer to P = 23 bar. We will find that, although the absolute value of v
varies rapidly with P, just as in pure ‘He (see III), the variations of v with £ and T are
apparently very similar in form at all pressures for which data could be recorded. Measurements
were made at P = 23 bar, for the same set of values of £ and T, in nominally pure ‘He and
in each of eight different ultra-dilute 3He-*He solutions spanning the range
2.14x 1078 < x;, < 1.72x 1077,

The data to be reported below are presented exactly as measured: no adjustments have been
made (see III) to allow for the finite rise time of the collector circuit or for non-idealities in
the electrode structure. As we shall see, the analysis of §5 is based on the measured variation
of v with x,, rather than on absolute values, so such corrections (in any case, very small) would
serve no useful purpose.

The precision of the measurements varied widely with physical conditions. It can best be
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judged from the extent to which individual points deviate from imaginary smooth curves drawn
through them on the graphs that follow. The signal magnitude fell with increasing x;, probably
owing to the increased production of charged vortex rings in the emission region. In general,
the quality of the data is at its best for the higher electric fields and higher pressures, for
temperatures towards the middle of our range 0.3 < 7 < 0.8 K. It deteriorates markedly for
very low electric fields and in the limits of high and low temperatures, where the signals became
very weak, and under conditions such that » itself lay much outside the range
10 <y <2x10*s1

The individual measurements of v (ca. 3500 in all) that constitute the main body of the
data were made in the course of three separate experimental runs starting from room
temperature, spread over a period of several months. In the course of each of these, a new series
of ®He—*He solutions was prepared by progressive addition of *He, as described in §2 (¢), and
the carbon resistance thermometer was recalibrated (§2(4)). On each occasion, some
measurements of » were repeated and carefully compared with data acquired during earlier runs
under what were believed to be identical conditions. One example of such a comparison is shown
in figure 3. The close agreement of the two sets of ¥(E) data represents reassuring evidence

- ————] T T———
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FiGure 3. A comparison of experimental measurements made during two separate experimental runs (R-series data
of November 1982, T-series data of February 1983; P = 23 bar, x, = 1.72x 1077), demonstrating the
reproducibility of the thermometry and of the novel technique (§2(c)) developed for adjusting the *He
concentration.

that the thermometry and *He concentration control are both consistent, within experimental
error, from one experimental run to the next since, as reported below, the absolute magnitude
of the peak in v(E) provides an indication of x;, and its position gives a measure of 7. For the
data in figure 3, both of the 3He-*He solutions had been prepared by means of eight separate
repressurizations of the cell; and the gratifyingly good agreement obtained demonstrates
convincingly the efficacy and precision of the novel techniques for the adjustment of x, described
in §2 (c).

The effect on v of changing the electric field is shown in figure 4. Plots of v(E) are given
in parts (a)—(d) for four different values of x, and, in each case, the data correspond to several
different fixed values of 7. Although the points are rather scattered in figure 4 (@), owing to
the relatively small values of v that are being measured in the most dilute sample


http://rsta.royalsocietypublishing.org/

PHILOSOPHICAL
TRANSACTIONS

p
s

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

THE ROYAL A
SOCIETY /A

A

OF

OF

Downloaded from rsta.royalsocietypublishing.org

INFLUENCE OF ®He ON VORTEX NUCLEATION 553
! ' ' ' ' ' "l ! M ! T L] T T T l'll T T l* l
6l o0k (@) ;9 ] (8)
Or 2 0.369 | J
o0 0414 00 ] 3 °°°o *
e 0458 0° %%, * 8 °
* o i
12 x 0.507 o ° , vg ] - ° x
4 v 0549 o a0 * 8 ° o g
- * 0.608 a0t o S adt ato x e
[N | o a a, Q § 4 9of ° R bg v
N 500 99008 . coo g * 8
© A o . ieg -4 ° o 4
I I R SRS JUS 1
o 0% o a °
- R a o, " ? 4 ) QD . . x;gvgss
A A o x
o® A De x 5% 1t . x v T
° A Oe 4 [ ) o * *
o Iy _ a v
04 A 9c:. x v % o AAADDU.O. ,': L
s L8406 S T R P a cc- . xxV * ¥ 1
A.. 0% ;vg 09?'- .xx v"l“*
OA o |x X |;vu*"i | L L L ° LX "‘V vav*ﬂ_‘A | s 1 A I
10* 10° 10 10°
of T T o. T T T
o o (d)
- o % ]
10' oo o ]
o
SN abe , o 4
890 AA AQ 4
a
L)
s a 0%ag e
6 T T T T T T T L a o°
000g l (¢) 6 N o . 8 4
L o ° * 2t o «* '3 »
¥ L o v
4 0 ° AAAAACZO 8 AAA o .. ;,gg * 8
- B a -1 o x x
| oo a o * 4L o v RR® x %
g oo . DDDDDD g " § | 3 o .o -, , [ M 8 é , g
© b © AA .0.. *Q * - o® . . v *“ 850 4
S ad o e x xasag* gg o® ¢ x *
-2 AAA DD .* -‘K V;z 8@ ] 2'00 o. x vox -
, & ¢ x v¥ s - . S R 2
o] * xX V% . x X v
—-DDDD. ° ® “:vvv** e _..a X V' * -4
oo ° x X V*** o x X g VR
* x OB nvvxx.*. Lol L L PR 0" P A S | 1 1 [
10° 10° 10* 10°
E/(Vm™) E/(Vm™)

F16URE 4. Measurements of the nucleation rate v as a function of electric field E for several different temperatures
at 23 bar. A complete set of data is plotted for each of four selected *He/*He ratios; (a) x5 = 2.14 x 1078; (b)
4.29 x 1078; (c) 8.58 x 107%; (d) 1.72 x 107". The key to the symbols given in (a) applies equally to (b)—(d).

(%3 = 2.14 x 1078), the general form of v(E) is clearly very similar for all concentrations. The
absolute magnitude of v changes markedly, however, and the ordinate scales have been adjusted
accordingly. For £ 2 2x10°V m™, v is virtually temperature-independent except at the
highest temperatures. The temperature-dependent peak in v(E) that appears at lower values
of E is a feature of particular interest, which was entirely absent in the case of the pure *He
measurements reported in I, and is therefore attributable to the presence of *He. On the high-E
sides of the maxima, the curves traced out by the data at different temperatures coalesce to
form an almost temperature-independent envelope, whereas, at low E they remain well
separated down to the lowest fields for which reliable measurements could be made. We may
infer that the departure of the starred curve at 0.608 K from the other data above 2 x 10° V m™!
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occurs in each case because the roton-driven nucleation process described in ITI has then become
important.

In figure 5 (a)—(d) we plot v(E) at each of the eight values of x,, and for pure *He, for four
selected values of 7. It can be seen immediately, first, that the position of the peak is apparently
independent of x; (provided that due allowance is made for the increasing relative importance
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Ficure 5. Measurements of the nucleation rate v as a function of electric field E for eight different 3He/*He ratios,
and for nominally pure *He, at 23 bar. A complete set of data is plotted for each of four selected temperatures:
(@) T=0.329 K; (b) 0.414 K; (¢) 0.507 K; (d) 0.549 K. The key to the symbols given in (a) applies equally

to (b)-(d).

at the higher temperatures of the intrinsic, pure *He, nucleation process of III, which, in
figure 5 (d), can be seen to push the peak slightly towards lower values of E as x, decreases and,
finally, to eliminate the peak entirely). Secondly, all of the curves appear to tend towards that
for pure *He at high enough E, regardless of the values at which 7 or x, are being held.
Figure 6 (a)—(d) plots the temperature dependence of v for four selected values of x,; 7%
is chosen for the abscissa, rather than 7 to facilitate comparison with the corresponding pure
4He data of III. For clarity, data are plotted for only four selected electric fields in each part
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O of the figure. As usual, the results for the weakest solution (shown in figure 6 (a)) are rather
~ g > g

scattered; but it is evident that the general form of the curve is the same for all concentrations.
There are large changes, however, in the absolute magnitude of v, and these are accommodated
by making appropriate adjustments to the ordinate scales. All of the curves seem likely to become
almost temperature-independent for large enough values of 771, to pass through a minimum
whose position is dependent on E, and to rise again with decreasing 7! at high enough
temperatures. The postulated rise in v could not be observed unambiguously for
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Ficure 7. Measurements of the nucleation rate v as a function of reciprocal temperature 77! for eight *He/*He
ratios, and for nominally pure *He, at 23 bar. A complete set of data is plotted for each of four selected electric
fields: (a) E = 5.81x 10* V.m™; (b) 1.05x 10° V.m™; (¢) 1.35 x 10° V. m™; (d) 2.03 x 10 V m™*. The key to
the symbols given in (a) applies equally to (b)—(d).
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E = 5.81x10* V m™1, however, because the signal became too small; and neither could the
expected temperature-independent régime be reached, because it lay beyond the (0.3 K)
capabilities of the cryostat. The almost temperature-independent sections of the curves at large
T~ '1in figure 6 correspond, of course, to the almost temperature-independent envelope on the
high-£ side of the maxima in v(E) plotted in figure 4.

The variation of v with 71 is plotted in figure 7 (a)—(d) for four selected values of E, in each
case for all eight of the 3He—*He solutions and also for pure *He. An interesting observation
in (¢) and (d) is that the plateau regions at large 7! appear, in fact, to be slightly
temperature-dependent. The effectis admittedly not very large but, looking at the several curves
in figure 7 (d), and particularly at those for intermediate x, where measurement conditions were
optimal, there seems little doubt that v is decreasing slightly with falling temperature for low
enough temperatures. We shall see in §4 that such an effect is actually to be anticipated because
of an expected temperature dependence of the ®He absorption rate by the moving ion.

A cursory inspection of figures 5 and 7 might appear to suggest that the 3He-driven
contribution to the nucleation rate (that is, the difference between v in the 3He—*He solution
and the value it would have in pure *“He under the same conditions) was a linear function of
x5. To test this hypothesis, we plot v directly against x, in figure 8 (a) and (b) for two different

(a) (6)
8 - . |
00.329 K
o0 (.369
v0.414 ()
6} ©0.458

0 4 8 12 16 0 4 8 12 16
108 x4 108 x,
Ficure 8. Measurements of the nucleation rate v as a function of the 3He/*He ratio x, for various temperatures

at 23 bar and two electric fields: (¢) E = 1.27 x 10* V.m™; (4) 9.5 x 10* V. m™%. The full curves in each case
are guides to the eye.

values of E. The data in each part of the figure correspond to the same four values of 7, and
the full curves are merely guides to the eye. It will be noted that, whereas the data of
figure 8 () are linear in x, within experimental error, those of figure 8 (a), for a smaller electric
field, definitely curve upwards with increasing x,. Thus, contrary to what one might at first have
anticipated, the isotope effect in weak E does not saturate within our present experimental range
of x; but, rather, varies in the opposite direction such that a given small change in x; has an
increasingly potent effect on v as more ®He is added. These nonlinearities are at their most evident
for small values of T and E. For larger T and E, in fact throughout most of the parameter
space studied in these experiments, plots of »(x;) look more like figure 8 (4) than 8 (a).
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Ficure 9. Measurements of the nucleation rate v for a number of pressures, as indicated. There is little qualitative
difference between the shapes of the various curves. In (a) v is plotted against electric field E for a temperature
T =0.369 K, and in (b) v is plotted against reciprocal temperature for £ = 1.35 x 10° V. m™. In each case,
the ®He/*He ratio x, = 6.44 x 1078,
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FicUre 10. Measurements of the nucleation rate v as a function of electric field £ up to a very large E. The data
shown are for two 3He/*He ratios x,, as indicated, and for nominally pure *He. The circles and triangles refer
to data taken in a cell shortened to increase the maximum attainable value of E; and the pluses and squares
refer to data acquired in the same cell as was used for all of the other measurements presented in this paper.
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In addition to the main body of experimental data at P = 23 bar, we have also made a few
measurements at 19, 21 and 25 bar. Some of the results are plotted in figure 9 (a) and (b). We
have concluded that there are no obvious qualitative differences between the v(E, T') data at
different pressures. There are, however, some interesting quantitative changes as P is varied.
In particular, the position of the peak in v(E) is, weakly but definitely, dependent on P, moving
to lower values of E as P is decreased.

Finally, to complete the data set, we reduced the length of the induction space from a nominal
5 mm to a nominal 3 mm, thereby raising the maximum attainable electric field in which »
could be measured to ca. 1.5 x 10 V. m~!. In doing so we wished, in particular, to ascertain
whether or not v remained independent of x; in the region of the high-field maximum (see I1T)
in »(E). That this was indeed found to be so is demonstrated by the small sample of high-field
data plotted in figure 10. It is reassuring to note, also, the excellent agreement between values
of v(E) measured in the shorter cell (circles and triangles) with those previously measured in
the longer one (squares and crosses).

4. THEORY OF THE LINEAR REGIME

Having presented the experimental results, we are now in a position to propose a model
which, we shall find, is capable of explaining the principal features of the data in quantitative
detail. As discussed in §1 (¢), we proceed on the assumption that the ®He impurities condense
on the free surface provided by the negative ion, and that this in some way has the effect of
increasing the propensity of an ion to nucleate a vortex ring. We assume, therefore, that there
exists a nucleation rate, v, (E, T, P) appropriate to an ion with a bound *He atom that is larger
than the rate vy(E, T, P) for a bare ion. (It is perhaps easier to think of v, as the nucleation
rate which would be observed for a group of ions, each of which has one bound ®He atom.)
We will suppose (for now) that the 3He concentration, x,, is such that the average number of
bound 3He atoms, n,, is far less than unity (n, < 1). Then we can also interpret #,, as being
the probability of finding a bound *He atom on any one ion and it is then clear that the
measured nucleation rate can be expressed as:

v = (1—ny) vo+n,v, = vy+n, (v, —V,) (4.1)
or Av = v—vp, = ny(v,—v,). (4.1a)

The quantity Av represents the additional nucleation rate due to the presence of 3He. In
recording the data, great care was taken to ensure that direct comparison between v and v,
was possible by recording v(E, T) in pure *He and in dilute solutions of ®He in *He under
otherwise identical conditions. Some typical graphs of Av(E) are presented in figure 11 (a) and
(b) for a variety of temperatures and x; values. It should be noted that, while there is some
additional scatter in this data (due to the addition of random errors), they should be free from
any additive systematic errors in v (see I1I), which would have cancelled out in the subtraction.

We shall discuss these data qualitatively in terms of a model to be outlined in §4 (a). In
§84 (b)—(e) we shall develop this model quantitatively; and a detailed comparison with the
experimental data is given in §5.
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isotopically pure *He under otherwise identical physical conditions, plotted as a function of electric field £:
(a) for several different temperatures, with x; = 1.29 x 1077; and (4) for several different values of x;, with
T = 0.369 K.

(a) QOutline of the model

To understand our data we shall need to find expressions for n,, and v,. For v, this is difficult
since the microscopic mechanism underlying vortex nucleation (§1 (a)) is poorly understood
even for bare ions, let alone ions with bound *He. Although we may guess that the form of
v, (E) is similar to that of v, (£), we will find that the best approach is to leave v, as an adjustable
parameter which we can determine by fitting to the data. This leaves us with the task of
determining n, (E, T'), which can be done by considering the rates of absorption and desorption
of 3He atoms on to or from an ion. We propose that there are two main processes involved:

1. The absorption of a ®He atom by a negative ion, the binding energy (ca. 2 K) being given
off as one or more phonons; and the inverse process whereby the absorption of one or more
phonons gives rise to the desorption of a bound *He atom.

2. The emission of a bound *He atom from the ion together with a pair of rotons, the scarcity
of thermal rotons at the temperatures under consideration rendering the inverse process
negligible.

That the first process should occur seems only reasonable con51der1ng the energies (see §1(c))
involved; the second process requires further consideration.

Originally we attempted to understand the data exclusively on the basis of process 1, but
soon found that this approach was untenable: a further emission process was needed to explain
the fall in Av (figure 11) in high electric fields. It could, of course, be argued that this effect
is due to a fall in v, similar to that found for v, in very high electric fields (see I1I and Nancolas
& McClintock 1982). To fit the data, however, the fall in v, would have to occur in a very
much lower field than for v,. Also, the peak in Av is dependent on temperature, which implies
that v, would have to be dependent on temperature, whereas, for 7' < 0.5 K, v is independent
of temperature.

We have concluded that, even if a suitable form of v,(E, T') could be found to fit the data
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without recourse to an additional emission process, its use would still be difficult to justify on
physical grounds. On the other hand, we believe that we can offer some justification for the
inclusion of process 2 even though it inevitably remains somewhat speculative. It has been well
established (I) that an ion, travelling at a mean velocity in excess of the Landau velocity, can
dissipate energy via the emission of a pair of rotons; and it is not inconceivable, therefore, that
this process could sometimes have the effect of dislodging a bound 3He atom. As in the case
of ordinary roton-pair emission we expect that there will be a critical velocity for this process
due to the need for energy conservation, and that this is bound to be higher than v (see I).
We would therefore expect that the rate at which process 2 occurs increases rapidly with electric
field. Before attempting to develop our model further, let us see if we can, on the basis of the
discussion so far, offer a qualitative explanation of our results.

In low fields few ions will travel fast enough to undergo process 2 and so the number of bound
3He atoms will depend largely on absorption and desorption via the first process. In this régime
ny, will be strongly temperature dependent and, in agreement with our results (figure 11), we
would expect Av to fall with increasing 7. The field dependence of Av can, of course, be
understood in terms of the field dependence of v;.

In higher fields the emission of 3He atoms via the second process will start to dominate. Since
this process is independent of temperature we would expect Ay to become independent of
temperature, as is indeed observed. We would also expect to see Av fall to zero once E is large
enough for ®He atoms to be stripped from the ions almost immediately after absorption and,
again, this is exactly what we observe.

Apparently then, our model is at least capable of providing a qualitative explanation of the
experimental data and so we shall now attempt to develop it in quantitative detail. We shall start
by analysing process 1 to determine the way in which the number of bound 3He atoms varies
with temperature in low electric fields. We will find it necessary to introduce a temperature-
dependent absorption cross-section, which we shall discuss in §4 (¢). In §4 (d) we shall analyse
process 2 and obtain a general formula for n, which can be applied over the whole range of
fields under consideration. Finally, in §4 (¢) we shall generalize this model to take into account
the likelihood (see §1 (¢)) that there are a number of excited states for a 3He atom on the ion.

(b) Process 1: “thermal equilibrium’

To simplify matters we suppose that only one phonon is emitted when a ®He atom is absorbed.
For this to occur there must be an interaction of the form

V=XXX T G s_, 1;; It &, « G, +hermitian conjugate. (4.2)
p

q k,o ’

Here ¢ , is the creation operator for a *He quasiparticle of momentum 7k and spin ¢ and df

is the creation operator of the bound state of the ®He on the ion. We assume here that there

is only one such state. The results we obtain can readily be generalized for the case where there

are many such bound states; and we do so in §4 (¢). The operator b; creates a phonon of

momentum #q and energy E,. The operator d;f, creates the ion in a state of momentum#ip = m; v.
The rate of absorption of 3He by the ion is given by Fermi’s golden rule:

2n
f

Ty =

S S S| TR, P flo) (14, (1—n0>6{ek+@—@£ﬁf—")2—Eq—Eb}. (4.3)

kop g 2my 2m;
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Here, the energies ¢, and E, are the energies of the ®He quasiparticle and of the bound states,
mj is the effective mass of the ion with one bound 3He atom, and the distribution functions
f(), fg> nx and n, refer to the ion, the phonon, the *He quasiparticle and the bound state,
respectively. Thus

me = exp{ Bleg—p) + 1)1 (4.4)
where f# = 1/kg T. The chemical potential

_ 5 kp

=—kgTIn {ng( P )} (4.5)

where ng is the ®He number density and m) (=~ 2.8m,) is the *He effective mass (i.e.
€, = 1%k%/2m}¥).

The distribution function of the phonons

Jq ={exp (BE,) —1}71 (4.6)

and the distribution function of the ionic velocities f{z) have already been calculated by Bowley
& Sheard (1977) as a function of the electric field.

The quantity n, is the occupancy of the bound state, and for a given ion it can be zero or
one at any given time. We are interested in the average rate of absorption of ®He by the ion.
This average can be the time average for a single ion or the average over an ensemble of ions:
in the steady state the two averages are, of course, equivalent. We replace n, by n,,, the average

occupancy of the bound state, to obtain the average absorption rate, 7,,

ﬁZ 2 ﬁZ k_ 2
=TS DS TE, ) 14 (1-n) et pr T 2T g gl

7’
k,oe p q 2mi 2mi

Now let us examine the desorption of ®He atoms via the inverse process. This occurs at an
average rate

- 2n , rm*p: #(p+k—q)?
o= S BT 0 (1-n) fymd{e+ Do T REEZD gl )
k.o p q i i

where f, (v3) is the distribution function for ions with a bound *He atom and
= (pt+k—gq)/m; (4.8)
Both n, and f, are equilibrium distribution functions at the same temperature. We can write
fq = (1 +fq) €Xp <_ﬂEq) (490)
1=y = ny exp { Blex—p)}- (4.95)

This enables us to rewrite equation (4.7) as

=7 E“ XX|T |2fb(v.;,) me(1+/q) my, exp{flex—pu—E,)}
sp g
i _#(p+k—q)
X6{€k+2m - 2m,

i

—Eq—-Eb}. (4.10)

i
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We can now obtain the net rate of absorption of ®He by the ion, R,:

R, =7,—T, W
—{—z ST | T f(2) m(1 +£,)
, (4.11)
X [1 =y —ny, exp { Blex—n—Eg)}fy (5)/f(2)]
ﬁ2 2 ﬁZ k____, 2
O e

If we were considering a massive ion (m; - 00) which was stationary, then this expression would
simplify considerably: the factor in square brackets would become

[t —mnp—m, exp{B(E,—p)}].

When R, = 0 one would find that n,, was given by the formula

ny = [exp{B(Ey—p)}+1]71, (4.12)

indicating that the system was in thermal equilibrium. In our case, however, we need to consider
an ion moving with a velocity of ca. 55 m s, whose effective mass is ca. 80m,, where m, is the
mass of a *He atom. This alters the situation.

For temperatures of ca. 0.5 K the average magnitude of k is about 5 nm™! for the 3He
quasiparticle. The wave-vector of the emitted phonon is about 0.009 nm™ if it is assumed to
have an energy of 2.5 K. Consequently we can ignore terms involving ¢ as being small in
comparison with £. (Of course, p is very much larger, being about 2.8 nm™! for v = 55 m s™1.)

If a ®He atom collides ‘head on’ with an ion, then the velocity of the ion is reduced by
ca. 1 m s71. Usually, of course, the ®He atom will collide with the ion at some other angle and the
change in the velocity will be very much smaller. However, even this change is very much less
than the width of f{v), which is determined by the recoil of the ion when it emits a pair of rotons.
This width is about 9 m s™ at 23 bar (see I and Bowley & Sheard, 1977). Consequently, the
ratio fi (v3)/f(v) can be taken to be unity to an excellent approximation. Making these two
approximations, we find

— 2 22| TR Pflo) m(1+1y)

ko p q

X [1—ny—ny, exp{B(ex—p—Ey)}]
ﬁ2 2 ﬁ2 +k 2
x8{ek+2:; _——-_(I;mf )

We need to average over k, the wave-vector of the quasiparticle. It is helpful to rewrite the

—Eq—Eb}. (4.13)

i
d-function appearing in equation (4.13) in the following way:
fi2 my \? fi*p® ( 1 1 )
8{2m;<k m;”) N e e &

where e (4.14)

38-2
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We can also redefine the binding energy for an ion of momentum 7%p as

f2p® (1 1
Eg = Eb—_z‘—(;i_mg_m:;) (4.15)
and define a new wave vector k’ by
k' = k— (my/m}) p. (4.16)

The §-function then becomes
O (A%k'% ) 2my — E,—Eg).

This d-function can best be used in calculating the integral over the phonon momentum ¢. With

E, = ficyq, (4.17)

one finds for a unit volume

X TE, I { E +ﬁ2k/:}2f(v) nk[l—nb—nb exp{ﬂ(ek —p+Eg ;;2’/:;:)}]
(4.18)

@ ﬁ“ipkd

Here, we have ignored the factor f,, which is very small compared to one if — Ey is about 2.5 K
and the temperature is about 0.5 K. We have also assumed that 7% , does not vary with q.
Now we can do the sum over k and o. The factor n; is always given by the formula

72\
e = exp{=Bles—p)} = B (i) exp (—h (4.19)

for the low concentrations we are considering. Consequently, the absorption term, which is
proportional to 1—n,, gives

ﬁZk/Z

ﬁ4 3 b |Tp,q|2(—EB+_2E) S(w) (1—mny,).

The emission term (proportional to n,) is best considered as an integral over k’, since the factor
exp (Be;) cancels out. Here the bar indicates the value when averaged over k. This gives

it (22) 2170, (-t ) S0y m exp (=0

The averages of i%k'%/ 2my are different in each case; here, the average is over k¥, not k. However,
since Ey, is larger than %22/ 2mj, these two averages are almost equal. Moreover, the ratio m;/mJ
is very nearly equal to none. Consequently a fair approximation, after averaging over p, is

n R
Tl:ﬁfc’{ | Tz,ql ( EB+ )

where E must now be calculated at the average velocity of the ion. When R, = 0 one finds

[t —mny,—ny, exp{B(Eg—p)}], (4.20)

that n, is given by its equilibrium value

Neq = [exp{B(Eg—p)}+1]71, (4.21)

which shows that a sort of  thermal equilibrium’ can be achieved. The binding energy is shifted
from E, to Eg.
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INFLUENCE OF 3He ON VORTEX NUCLEATION 565

Let us try to estimate the size of the effect. To do so, we need to know m{—m;, the change
in the ion’s effective mass when a ®He atom is bound to it. Let us assume that it is

4 —
m;—m; = ms,

where m, is the bare *He mass. The correction to Ey is about 1 K for a velocity of 55 m s7%,
a sizeable quantity. However, we are interested here mainly in the variation in Egz with the
average velocity of the ion, which we may take to be +5 m s™!. The corresponding variation
in Eg is then about 0.1 K. This is slightly smaller than the uncertainty in the value of Eg which
we will obtain below from the experimental data; which implies, in turn, that with the present
data we are unable to detect the predicted variation of Ey with change in the mean velocity
of the ion as given by equation (4.15).
We can rewrite equation (4.20) in the following way:

R, = ny(1—ny/ne) K(3, T), (4.22)

where we have lumped the unknown parameters into a rate constant K(4, T'), a function of
the average velocity of the ion and of the temperature. This equation tells how the distribution
of ions with bound ®He atoms reaches equilibrium. The constant K(#, 7") depends on the process
by which *He atoms are absorbed on the ion. The factor 1 —ny,/n,, tells us that a sort of thermal
equilibrium can exist even for such fast ions.

The more cautious reader may be inclined to object to the cavalier way in which we have
made approximations. Accordingly, we list them below and comment on the validity of each.

(1) We have ignored ¢ by comparison with £. This is a good approximation for the
temperature we are considering, but it breaks down at temperatures below ca. 0.02 K.

(2) We have ignored any dependence of the matrix element on £, ¢ or p. We cannot justify
this step, which is, however, discussed further in the next section, although from a different
viewpoint. Our main conclusion, however, that R, depends linearly on 1 —ny,/neq, does not
depend on this particular approximation.

(3) The rates of both absorption and emission depend on the average value of ¢%, where

22
q=%(—EB+%—%—), (4.23)
this average being different, however, in the two cases. For absorption one averages over £ and
this gives

1 my 0
aps = E(_EBH“B T+=5 ) (4.24)
For emission one averages over £” and this gives
1
fem = 7~ (—Eg+kgT). (4.25)
1

Consequently, the values of ¢ to be used in evaluating the emission and absorption rates are

not equal. This modifies the formula for Mg tO

Neq = [ exp{B(Eg—p)}+1]71, (4.26)

where 7 is a number close to one which varies slowly with temperature.
In practice we only need consider situations in which 7., < 1 so that the presence of the
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extra factor 7 only has the effect of changing the magnitude of nyy, not its temperature
dependence. The size of 9 depends on whether the matrix elements are constant, or whether
there is some g dependence. For example, if 7% _ varied as 7%, then the factor 7 would be exactly
equal to unity.

We have chosen to put 97 = 1 for convenience. This means that when we obtain values of
the nucleation rate with a 3He atom bound to the ion, these values may be in error due to
overestimating (or underestimating) 7.

(4) We have assumed that the ratio f;,(v")/f(v) is equal to unity. This has been based on
the belief that the distribution function for ions each with a bound *He atom is almost the same
as that for bare ions. This would appear to be a reasonable assumption: the ionic effective mass
is changed only marginally by the presence of a bound ®He atom, so the critical velocity for
emission of rotons will be almost the same as for a bare ion.

(¢) The absorption cross-section

We now present a discussion of the quantity K (v, T) introduced in our expression (4.22) for
the average net 3He absorption rate R,. Although the formal definition of K (s, T') above is rather
complicated, its physical significance immediately becomes clear if we note that the factor
I —np/ne in (4.22) simply represents the fractional departure of n;, from its equilibrium
value. Thus K(s, T) must represent the product of an effective cross-section for the
absorption process with the average relative velocity 4., between the ®He atom and the ion.
We therefore write (4.22) in the form

Ra = Ny Upe) Og (1 _nb/neq)’ (4‘27)
where we have set K0, T) = vy g I1. (4.28)

The quantity o, is the geometrical cross-section and I7 represents the probability that a *He
atom striking the ion will actually be absorbed.
We can now examine the way in which we expect K to vary with v and 7, through its

dependence on o,
obeys the relation

and I1. First, the relative velocity between the ion and incident ®He atom
iy = 02+, (4.29)

where 7, is the average thermal velocity of the *He atoms. We then have,
Upe) = (024 02)% = 6(1 + Bkg T/m¥ v2)2 (4.30)
or Upeg X 0(14+0.97)% (4.31)

for an ion travelling at 55 m s71. If the temperature were to rise from 0.32 to 0.5 K we would
and hence K, to increase by 6 9,.

therefore expect o),

However, this is not the only effect of temperature upon K: we must now examine the nature
of the factor 7, the temperature dependence of which we believe can be understood in terms
of the following simple model. It has been suggested (Bowley & Lekner 1970) that a ®He atom
will suffer a long range-repulsive interaction with an ion due to a polarization interaction and
the fact that the ®He atom, with its larger zero point energy, occupies a larger volume than
a ‘He atom. The potential for this interaction is

V(r) = aye*/8me,r (4.32)
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where 7y is the polarizability of the *He atom and « is the excess fractional volume occupied
by the *He atom. Near the surface of the ion this potential has a maximum value, V,, of about
0.22 K. Beyond this potential barrier the He is attracted by the relative vacuum of the electron
bubble and forms a bound state on the ion, as discussed in §1 (¢).

To arrive at the surface of the ion the ®He atom must have sufficient energy to overcome
the potential barrier. For an ion moving with velocity v, this is possible if

#2k2 ) 2mE —hk v > V), (4.33)

where V), is the barrier height. We have assumed that the probability of the *He tunnelling
through the barrier is negligible.

Clearly, the number of *He atoms capable of overcoming the barrier will increase with
temperature and we can say that the proportion of ®He atoms with sufficient thermal energy
to reach the surface of the ion is, -

p(T) =an0(2—mk§—ﬁk°v—Vp)/Z e (4.34)
k 3 k
where 6 is the unit step function.

Values of p(T) for three values of V, are plotted in figure 12, where we have taken

v =9 = 55 m s~ L. The factor II in equation (4.28) now becomes

1T = 2p(T),

06

Vo/ky =010 K

04

0.2

0 0.2 04 06 08
T/K
Ficure 12. The proportion p( T') of *He quasiparticles which have sufficient energy to overcome the potential barrier

V, that impedes their capture by negative ions in Herr, plotted as a function of temperature T for three possible
values of V.

where the constant A is the capture probability for a ®He atom which has succeeded in reaching
the surface of the ion. Strictly speaking, A will depend on temperature since it is likely to vary
with the 3He thermal wave vector, k. We expect that this effect will be small and so, for
simplicity, it is neglected.
Finally, then, equation (4.28) becomes
K =10,q Og Ap(T) = Ure ap(T) (4.35)

where we have introduced an effective absorption cross-section, o (= Agy), which we take as
being a constant.
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(d) Process 2: Roton-assisted 3He emussion

In §4 (a) we discussed the need for an additional 2He emission process, which we suggested
might be linked to the two-roton emission mechanism that is known to occur for ions travelling
atv > v’ (see I). A bare ion emits pairs of rotons at a rate of ca. 10*® s™ when it travelsat 10 m s™!
above the critical velocity; it seems plausible, therefore, that a bound ®He atom may sometimes
be emitted together with a roton pair. As we shall see, it is possible for energy and local
momentum to be conserved during such an emission event (which would no¢ be so if the *He
atom were being emitted by itself). We shall now attempt to derive an expression for the critical
velocity above which this process can occur.

Suppose that the ion with a bound *He atom has a momentum #p’, that it emits rotons of
momentum 7 and #®’ and that it emits a 3He quasiparticle of momentum #k. For energy
and momentum to be conserved,

ﬁZp/Z hZ

—_ /—k'— - )2 E ‘. .
Eb+2m{ 2mi(p o—o')i+e+E,+E, (4.36)

For a bare ion emitting a pair of rotons one would have

#2p? 72
2m,

1

(p—o—o)+E,+E,, (4.37)

2m,

and it would then be straightforward to solve for the lowest velocity (#p/m;) which satisfies
(4.37),

L (ﬁp) _ E,+E,  Ho+o)
min

m; o+ 2m;

Atk
x ﬁ+7n_0 (4.38)
0 i

where fik, is the momentum at the roton minimum in the dispersion curve and 4 is the
corresponding energy.
For an ion with a bound ®He atom, however, we have to find the lowest velocity #p’/m; which

satisfies equation (4.36): to do so we have to find the appropriate value of k. Equation (4.36)
can be rewritten using

1.1 (4.39)
my my  my
as
ﬁZ ﬁZ ﬁZP/Z ﬁ2p/2
. "N = E +2 ne_p P
mip (0+o') =E,+ m+2mi(w+w) b 2m;+2mi
#i2 my > fPmy )
— k-2 (p—0—0)} - —o—w)? (4.4
e e e
The minimum value of p” will occur when
k="2(p—0—0), (4.41)

my
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which clearly minimizes the right-hand side of equation (4.40). With this choice of k the
equation for p’/mj is

2 my 2 2( m;f) r2p’? ( 1 1 mg)
R /., ’ R — ; - ’ —_ 9 _E - -1
mip (w+w)(1 mi) Ew+Em+2mi(w+w) m; P2 \my mi+mi2

(4.42)

The velocity we want is the minimum value of #p’/m{. To a very good approximation this is
given by

_(t o (Em+Emf)<@_i)( my ) fi(w+w’)}_ Ey (ﬁ)( m; )
”“‘(m;)mm‘m‘“{ﬁ<w+w'> m )= i) T 2 | T Hw+ ) \mi) \m— ]

~ m? fik, Eg
T my(my—my) T omi 2fk,

(4.43)

If m; = m; +mj, then the increase in the critical velocity is
v = v, — v = — Ey/ 2%k,

If —Egz/kg = 2.5 K, then the change in the critical velocity is ca. 8 m s™1, so only those ions
travelling faster than ca. 58 m s™! will be able to emit a ®He atom together with a pair of rotons.
Very few ions will travel as fast as this in low electric fields. As the field is increased, however,
the process occurs more and more frequently until, for £ 2 10° V. m™, it becomes the dominant
influence on the number of bound *He atoms.

Let us suppose that the average rate of two-roton emission together with a 3He atom is R, (E).
Then, in the steady state, the net rate of absorption of ®He atoms by the ion must equal the
rate of loss of such ions due to vortex nucleation. Thus

ng K@) T) (1 "nb/neq) —ny Re(E) = nb(Vl - Vo)° (4'44)

The quantity v, —v, is the increase in the nucleation rate due to the presence of a 3He atom
on the ion. Rearrangement of (4.44) then gives the average number of bound 3He atoms as

Ny = Neg(1+neq R /ng K)™1 (4.45)
with R =R, (E)+v,—v,.

Consequently, when the term involving R’/ K is very small, n,, tends to the equilibrium value
Neq- In the opposite limit when R’/K is large, m, tends to ny K/R’. The number of bound *He
atoms is then governed by the ratio of the rate of 3He absorption to the rate of emission via
the two-roton process.

(e) Generalization of the model for many bound states

So far it has been assumed that there is only one bound state into which the ®He can be
absorbed. However, according to Shikin’s model (see § 1 (¢)) there will actually be several bound
states, and any realistic model of the absorption and emission processes must make explicit
allowance for this fact. Although the assumption of a single bound state is inherent in the
arguments of §4(b)—(d), the generalization to many bound states does not render these
arguments void; we can simply say that they now refer to a particular bound state, which we
can label by the quantum number, /. Thus, the main conclusion of the previous section (4.45),
becomes m, = 1§ (140§ R, /ny K) ™ (4.46)

39 Vol. 313. A
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where n, is the average number of 3He atoms in the state /; n§? is the equilibrium number of
3He atoms in the state /; and the other terms have similar interpretations. The energies of the
bound states are given by a modified version of (1.1) and (1.2), which now become

€, = B, + (#2/2m  R2?) I(I+ 1), (4.47)

where Ey is the effective binding energy defined by (4.15). As discussed in §1 (¢), we propose
to ignore any splittings in the energy levels due to effects associated with the backflow around
the moving ion.
Equation (4.1) now gives
v = vyt (vy—v)
L 9204 1) (v~ vy) n§d

=V +Z 7 )
’ 0 (1+n{%R)/n;, K;)

(4.48)

where we also allow v, to vary with /. Unfortunately, this has made the situation rather complex;
we now have to determine R;, K; and v,; for each of the L+ 1 values of /. Clearly, we cannot
hope to do this with each one of them as an adjustable parameter, and we therefore need to
make some simplifying assumptions.

We shall, in fact, proceed on the basis of two models. Model A is the simplest, employing
the assumption that all three of these parameters are independent of /, i.e. R, = R, K, = K,
vy, = v;. In model B we shall choose to allow the roton-induced emission rate R, to vary
realistically with /; but we will retain the assumption K; = K and »,; = »,. It must be admitted,
however, that the reasons for this choice are based as much on our lack of knowledge of the
processes affecting v;; and K as they are on any physical grounds: in the current state of our
understanding, there is no reason to suppose that v,; or K, will in fact vary with /; but on
the other hand, it seems inevitable that the emission rate, R;, will vary with the energy of the
bound state, and hence will exhibit a dependence on /, this effect being due to a lowering of
the critical velocity for the emission process.

In the previous section we demonstrated that the critical velocity for 3He emission from the
onw vy = 0 — Ey/ 2k, (4.49)
where Eg is the ground-state energy. If the ®He atom is in an excited state, then the binding
energy is reduced and we have

g1 _ gii+1)
Vo =V Shk, {Eg+gl(l+1)} = v, o7k, Vog — Oy, (4.50)
where g is given by (1.2).

It is now necessary to make some assumptions about the way in which the emission rate of
%He with rotons increases with velocity when v > v,;. For convenience, we will suppose that
it does so in a similar manner to the ordinary two-roton emission process for which, as discussed
in (I), the rate varies as (v—v’)%. We note, however, that this assumption clearly cannot be
quite correct because the phase space restrictions governing the emission of a pair of rotons
plus a ®He atom will certainly differ from those governing the emission of a pair of rotons on
their own. An explicit calculation of the 3He plus roton pair emission rate would, of course,
be possible but we have felt it to be unjustified, for two reasons. First, there is in any case no
justification a prior: for our assumption that the *He will be emitted with pairs of rotons, rather
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than with single rotons. For the latter type of process the critical velocity would be smaller and
its velocity dependence would be different. Secondly, we may note that the main distinguishing
feature of model B is that the critical velocity for ®He emission decreases as the *He atom
occupies successively higher energy levels on the ion: the precise velocity dependence of the
emission rate above the threshold for any given value of { is of secondary importance. We will
therefore suppose that the emission rate of ®He atoms from the state [ is given by

R~ [ Rv—v)fylo, By do (4.51)

Vel

where f; (v, E) is the distribution function for ions with bound *He atoms, which, as was argued
in §4 (b), we believe to be essentially the same as the distribution function for bare ions.

We could in principle now determine R, by performing a numerical integration of (4.51).
For low fields, however, f(v, E) is known analytically (Bowley & Sheard 1977) and, considering
the number of approximations we have already made, little harm would seem to result from
using the analytic form of f(v, E) over all fields. We then have

— )2
R, =R, exp [{ml Ry (v —0") + 6 ,} 5vcl] (4.52)

ek Vo — 0

where R, is the ®He emission rate from the ground state. With the exception of R,, all the
quantities in this equation are known. Consequently, allowance for the variation of R, with
! has not introduced any undetermined parameters additional to those of model A.

5. DATA ANALYSIS FOR THE LINEAR REGIME

Each of the models we have developed contains three undetermined parameters, the binding
energy, E,; the nucleation rate for ions with single bound *He atoms, v,(E); and the ratio
R (E)/K(E,T). Our first task, then, is to determine these parameters by fitting both models
to the experimental data. Although we may hope that model B will give a superior fit, we shall
also retain model A. The advantage of doing so is that, should model B turn out to provide
asignificantly better fit than model A, then this may reasonably be regarded as positive evidence
in favour of the premises on which it is based including, particularly, the type of energy-level
structure sketched in figure 2.

We cannot, however, fit either model immediately to the raw data. The reason for this stems
from the fact that both models were developed on the assumption that a maximum of one 3He
atom would condense on any ion ; whereas we believe (see §6) that, for the higher concentrations,
a significant number of ions with two or more bound 3He atoms may exist. This problem can,
however, be avoided simply. We have found that the measured concentration dependence of
the nucleation rate, v(x,;), can be expressed as a power series,

v=rpy+Vx,+rai+ ., (5.1)

where v, is the nucleation rate in pure *He. For data such as those of figure 8 (4), however,
terms beyond the linear one are unnecessary; whereas, for those of figure 8 (a), the inclusion
of higher terms in x; is clearly essential. Over much of the parameter range that we have studied,
however, the most appropriate fitting procedure is less obvious. For example, although the
0.369 K data of figure 13 are clearly better fitted by a very shallow curve than by a straight

39-2
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Ficure 13. The measured nucleation rate v plotted as a function of the *He/*He ratio x, at 23 bar and
E =5.81 x10* Vm™ for two temperatures. The data at the higher temperature (squares) appear to be linear
within experimental error, whereas those at the lower temperature (circles) show slight signs of upward
curvature as indicated by the dashed line.

line, that the same thing is also true of the results at the higher temperature of 0.458 K is far
from clear. A statistical analysis confirms, however, that the latter data are, in fact, (slightly)
better fitted by a curve.

The quantity v’x, is the nucleation rate for ions with bound 3He atoms in the limit x,— 0,
that is, the linear régime for which our theory has been developed. Comparison with (4.1) then

yields V= (/%) (=7, (5.2)

In §5 (a) we shall discuss the evaluation of ¥’ and also of v”, the latter coefficient being related
to the non-linear régime to be discussed in §6.

Having found values of v’ (£, T') we shall be able to fit both models A and B. Rather than
use all our data in this fitting procedure we shall only use those recorded at lower temperatures.
The reasons for this are twofold. First, we shall see that the analysis of higher-temperature data
involves complicating factors which could perhaps distort the accuracy of the fitted parameters;
and second, we wish to judge the ability of our theory to predict values of v’ (E, T'). We believe
that using the low temperature data to fix the unknown parameters in our model, and then
using the model to predict the high temperature data, should provide a stringent test of the
theory.

In §5(b) we shall evaluate the binding energy, E;, and then, in §5(¢), we will use this in
our fit to the data, thereby obtaining values of v,(£) and R'(E)/K(E, T). Our attempts to
predict the higher-temperature data will be discussed in §5(d). Finally, in §5(¢), we shall
examine some of the consequences of our results for the theory of vortex nucleation.

(a) Values of v’ and v”

Equation (5.1) has been fitted to the data (figures 8 and 13) with the aid of a computer
programme (Bevington 1969) designed to calculate the values of v, v and »” giving the best
fit as determined by the y%-test, and to evaluate the standard errors in these quantities.
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Values of v (E, T) and v’(E, T) derived on this basis are shown in figures 14 and 15
respectively. The values of »" have an error of about & 15 x 10% s™" and values of »” have an
error of about 106 571, Note that any errors in these quantities will be correlated; if, for example,
a particular value of v” is 2 x 10'® 571 higher than it should be, the corresponding value of v’
will be 35 x 108 57! too low. This effect is particularly unfortunate for the high field region,
where it seems likely (figure 14) that the values of »” should lie on a common curve independent
of temperature.

We have found that within experimental error all the data we have analysed are in excellent
accord with (5.1) if we take terms up to x2. This suggests that the neglect of cubic and higher-order
terms is justified for the range of concentrations and temperatures that we have used. In fact,
we have found that for high fields or high temperatures, v(x,) can be fitted quite acceptably
by a linear equation. We have therefore chosen to analyse the data where E > 1.5x 10° V. m™!
or T>0.55K asif v =0.

We shall find that, particularly for the higher temperatures, it is more useful to study the

T N T T -
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Ficure 14. The coefficient v* plotted as a function of electric field E for various temperatures.
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Ficure 15. The coefficient v” plotted as a function of electric field E for various temperatures.
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temperature dependence of v’ for constant drift velocity than for constant field. Figure 16 shows
v’ plotted as a function of # for several temperatures. The values of 7 are obtained by averaging
over the values recorded for the lowest six concentrations at each field; data from the higher
concentrations were not used in determining ¢ since they exhibit a small but noticeable
reduction in ¥ due to ion-*He scattering. We have indicated by the dashed lines data taken

o
6001 oo ©0329K |
o +0.369
° v 0414
i ) © 0458 |
9 . © 0507
+° = 0.549
. oo o 0.608
400+ o . :
T'm o :‘ Vvv °
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Ficure 16. The coefficient »’ plotted as a function of the ionic drift velocity 9. At low temperatures v is temperature
independent, whereas at high temperatures it is reduced by roton scattering. The dashed lines indicate the
velocities corresponding to constant electric fields, as described in the text.

at fields of 1.26 x 10> V. m™1 and 3.69 X 10* V m™. For temperatures below ca. 0.5 K, 7 appears
to be independent of temperature but above this temperature the velocity is reduced owing
to the effect of roton scattering. This effect is particularly pronounced at lower fields.

To obtain values of V'(7) we have adopted the procedure of taking the drift velocity at the
lowest temperature for any given field, and then, for higher temperatures, reading off the value
of v’ given by smooth curves drawn through the data at each temperature. In practice, this
procedure was necessary only for 7> 0.507 K.

There is, however, a further source of complication involving the higher-temperature data.
In our earlier studies (III) of v(E, T') in pure “He we suggested that the observed increase
in v with temperature is due to vortex rings being nucleated with the aid of roton interactions.
We cannot discount a prior: the possibility either that this process may occur with enhanced
vigour when a bound 3He atom is present or, on the contrary, that it may be blocked by the
presence of a bound 3He atom. Either situation could lead to a distortion of the data above
ca. 0.55 K where the roton-drive mechanism becomes important in pure *He. Accordingly we
restrict our attention, for the moment, to the data recorded below 0.53 K.
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(b) Determination of the binding energy E,

One of the more important parameters we can determine by fitting our model to the data
is the binding energy, E,, of a 3He atom on the free Hen surface provided by the negative ion.
We believe that the present work provides the first reliable determination of this quantity under
pressure although, as discussed in §1 (¢), the binding energy (on a plane surface) under the
saturated vapour pressure (s.v.p.) is well established from surface tension measurements.

As stated in the previous section, we have been forced to restrict our attention to a narrow
range of temperature, 0.329 < T < 0.507 K, incorporating just five field scans. This is
unfortunate since, to determine E;, we need to fit v’(7T"). However, we do have a wide range
of fields, 2x10* < £ < 10° V. m™, over which »’ is strongly temperature-dependent, which
gives us the opportunity of using the data for each field to obtain a number of independent
estimates of £,. From (4.48) we have

2(2(4+1) (v, —v,) n§?
o (1+nfqRy/ny K)

M

V’-———l—
X3

(5.3)
l

where, for model A, R; = R’. By fitting to the data, we obtain estimates of »,, the ratio R;/K,
and 7§ for each field. Values of E can now be found explicitly by using equations (4.15),
(4.21) and (4.47).

In figure 17 (a) and (b) we show the values of —E, and associated error bars for models A
and B respectively, for a range of electric fields. In low fields the scatter in the data is relatively

J )
¥, | e _
T | (IR
ﬁ ]

1074 E/(V m™) 1074 E/(V m™)

Ficure 17. Values of — E,, obtained from data recorded at different electric fields E: (a) on the basis of model A;
and (b) on the basis of model B. In each case, the dashed line indicates the (weighted average) best
value of —E,,.

large and consequently there are large errors in the derived values of E,. There are also large
errors in the values of E,, in high fields, owing to the relatively weak variation of v* with 7.
A window of electric fields exists, ranging from 3 X 10* to 6 x 10* V m~! for model A, and from
3 x10*to 7.5 x 10* V. m™ for model B, where relatively accurate values of E, can be obtained.
We have also been able to use the data from the temperature scans at 5.8 x 10* V.m™! and
1.05x10° V.m™. The values of —E, obtained in this way (indicated by squares) are
probably more reliable since they include more temperatures.
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We can see that the results are consistent with — £, being independent of field, although
drawing a horizontal line through the data of figure 17 (4) is, perhaps, more plausible than
it is for the data of figure 17 (a). Since we would, of course, expect E; to be constant for all
fields, this result provides strong support for both models and particularly for model B.

The weighted average over all the points in figure 17 (a) and () gives final ‘best fit’ values
of —E, for models A and B respectively. These values, which will be used in all the following
analyses, are shown in table 1 and are indicated by the dashed lines in the figures.

TaBLE 1
binding energy, —E, /kg
data used in fitting model A model B
field scans (o in figure 17) 2.80+0.19 2.54+0.11
temperature scans (0O in figure 17) 2.93+0.36 2.45+0.18
weighted mean (- —— in figure 17) 2.83+0.17 2.52+0.09

(¢) Fitting the model to the data

Having obtained a value for the binding energy for each of the two models, we can then
refit the data using the average values of E, given in table 1. In the hope of being able to decide
which model gives the best fit we have determined the total 2 for each; with 53 degrees of
freedom we find y? = 26.97 for model A and 26.86 for model B, the data used being the five
field scans for 7 <0.503 K and two temperature scans at 5.8%x10*Vm™! and
1.05x 105 V. m™1. Apparently, therefore, we cannot discriminate between the two models on
the basis of this particular test. In figure 18 (¢) and (4) we show curves for both models fitted
to the data from the two temperature scans. In each case, agreement with the data is excellent.

We can also generate curves for both models, using the fitted parameter values already
obtained, for comparison with the data from the temperature scans at 1.35x 10° V. m™! and
2.03 x 10° V. m™, yielding the results shown in figure 18(¢) and (d) respectively. Except at
the highest field discriminating between the models is still difficult. Ifanything, model A appears
to give slightly better agreement but the scatter in the data makes this suggestion far from
conclusive. For the data at 2.03 x 10° V. m™! (figure 18 (d)), however, model B clearly gives the
superior curve in thatitis able to reproduce the peak in v’(T"), whereas model A does not fit these
high-field data at all. Note that the experimental values of v'(T") in figure 18 (d) were derived
on the assumption that v” = 0. If this requirement is removed, the scatter in the points becomes
larger, but the conclusion still remains the same: that v’ increases with 7" at low temperatures.

The effect described can, we believe, only be understood in terms of the temperature
dependence of K(T'). Not surprisingly, our generated v'(7T) curve is extremely sensitive to
details of our theory of the absorption cross-section, and whether a better fit could be obtained
with a modified form of K(7T') would seem to be a pertinent question. For model A, the answer
is probably no; after several attempts we have concluded that model A lacks the ‘flexibility’
to give the relatively sharp maximum seen in figure 18(d). Model B would be in better
agreement with the data if the temperature dependence of K(7) was increased. This could
arise if, for example, the potential barrier, V], rose to about 0.35 K, rather than the 0.22 K
we originally chose. However, the model that we have proposed for K(7T') is rather crude, and
improved agreement with the data could probably only meaningfully be achieved on the basis
of a more refined theory.

Finally, we come to consider the values of v, and R’/K that we have obtained by fitting
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Ficurk 18. The measured variation of the coefficient »” with temperature 7" (points) compared with the theoretical
curves for model A (full curves) and model B (dashed curves) at four different electric fields; (a)
E=581x10*Vm™; () 1.05x 10°Vm; () 1.35x10° V m™; (d) 2.03 x 10° V m™. The theoretical curves
in (a) and (b) represent best-fits to the data shown, generating the values of Ey, plotted as squares in figure 17.
The curves in (¢) and (d), on the other hand, are predictions of v'(T) for higher values of E, based on the
weighted average value of E; shown by the dashed lines in figure 17. Note also that the data in (d) are derived
from an analysis based on the assumption that the quadratic coefficient »” is zero. Model B evidently fits the
observed form of »'(T") in (d) better than model A.
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to the five low-temperature field scans. In figures 19 and 20, respectively, we have plotted v, (E)

Rp(T) ( 22 )ﬂ
2K(T) \m¥ kg’

and the quantity

which is both dimensionless and (see §4 (¢)) independent of 7. The behaviour of these quantities
is seen to be qualitatively the same for both models, but model B gives higher values of v,,
whereas model A gives higher values of R'p(T)/K(T).
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Figure 19. Values of v, obtained by fitting to the experimental data model A (triangles) and model B (circles),
plotted as a function of electric field £. The squares show, for comparison, values of v, increased by a factor
of 100 (see right-hand ordinate scale). Interestingly, v,/v, & 10% The crosses represent values of v; obtained
from model B in high electric fields on the assumption that the coefficient v” is zero, that is, the linear
approximation.

Ficure 20. Values of (R)p/2K) (2142 /m ky)¥ plotted as a function of electric field E. This quantity is proportional
to the ratio of the *He emission rate (with rotons) to the temperature-dependent part of the *He capture cross
section. The triangles refer to model A and the circles to model B. The crosses represent values obtained from
model B in high electric fields on the assumption that the coefficient »” is zero, that is, the linear approximation.

In low fields the error is relatively large owing to the large scatter in the experimental data.
At high fields the data are more accurate and, although we are able to determine the product
(v, —vo) K(T)/R'p(T) very accurately, the individual values of v; and R'p(T)/K(T') are less
accurately known. This is because they are determined by the variation of v with 7, and in
high fields this variation is relatively weak.

Clearly, both v, and R'p(T)/K(T) can be fitted by smooth curves, which could then be
used to generate values of these parameters at other fields. In practice, however, we have found
that plotting graphs of (v, —v,)/E and

’ 2 \3
Rp(T) (Z‘rtﬁ ) (vy—v,)

2K(T) \m¥ kyy
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as functions of E is preferable, as shown in figures 21 and 22 respectively, since these quantities
vary less rapidly with E. By drawing smooth curves through the points of figures 21 and 22
we acquire a basis for predicting the values of v which should be observed at any given
temperature (values of p(T") being given in figure 11) and field. In figure 23 (a)—(d), we compare
values of v’ predicted in this way (curves) with the experimental data (points). As we would
expect, since we used these data to fit the model, the agreement is excellent. The dashed
extensions of the curves are based not on figures 21 and 22 as illustrated, but on reasonable
extrapolations of the curves in those figures.

21
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Ficure 21. Values of (v, —v,)/E for model B. The full curve drawn through the data has been used, together with
that from figure 22, to generate the curves shown in figures 23 and 24.

Ficure 22. The quantity (Rp/2K) (21h2/m* kg)? (v, —v,) ! plotted as a function of electric field E. The full curve

drawn through the data has been used, together with that from figure 21, to generate the curves shown in figures
23 and 24.

(d) Extension to higher temperatures

A more stringent test of our model is to see how well it can cope with data at higher
temperatures. Before we can do this, however, two additional matters require consideration:
the effects of roton scattering on the velocity distribution; and the possible influence of
roton-assisted vortex nucleation (see III) on ions that possess a bound ®He atom.

The effects of roton scattering on the velocity distribution have been treated previously (ITI).
It was found that they could be compensated for by introducing an effective electric field,

E =E—k(T)v, (5.4)
where £(T) is a temperature-dependent drag factor. We can use the values of £(7") given in
III to calculate the effective field, £, and then find interpolated values of v, and R’/K from
figures 21 and 22.

In relation to possible problems with roton-assisted vortex nucleation, we may expect that,
because so few 3He atoms are bound to the ion at higher temperatures, any such effects will
be of negligible importance. To illustrate this, we may consider a field of 2.03 x 10> V. m™! at
a temperature of 0.69 K, where the value of v, is about 4 x 10® s™* and the value of v’ is about
9.5x10°s™'. Even at the highest concentration, x, = 1.7x 1077, we find that n, is only

40-2
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Ficure 23. Values of the coefficient ¥’ as a function of electric field E generated from the curves of figures 21 and

22 (full curves) compared with those derived from an analysis of experimental field scan data (points). The
crosses were obtained on the assumption that »” is zero for £ > 1.5 x 10° V. m™. The dashed lines represent
values of v’ calculated from plausible extensions made to the curves shown in figures 21 and 22. The four
temperatures at which the comparisons are made are: (a) 7 = 0.329 K; (4) 0.369 K; (¢) 0.414 K; (d) 0.458 K.
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ca. 4 x 1074, Now, the magnitude of v,, the roton-assisted nucleation rate for this temperature,
is ca. 2800 s~1. If this process were completely blocked by the presence of a ®He atom on the ion,
the observed fall in the measured nucleation rate would be only about 1 s7*; that is, very much
less than the random error in the data. Of course, the bound *He atom might conceivably have
the opposite effect and actually promote the roton-assisted process, but such an effect would
clearly have to be extremely large to affect the data noticeably.

Apparently, then, although we cannot rule out the possibility of bound *He atoms affecting
the roton-assisted process, it is extremely unlikely that we would need to make any explicit
allowance for it. In the light of these considerations, it is reasonable to feel some confidence
that our model should also be capable of accounting for the higher temperature data and that,
if so, this will provide a reassuring demonstration of its validity. First we look at the field scans
taken at 0.508, 0.549 and 0.608 K (figure 24), where the crosses refer to values of v’ calculated
on the assumption that »” = 0 and the dashed extension curves have the same significance as
before. The predicted curves for 7 = 0.508 and 0.549 K can be seen to fit excellently over the
whole range of fields. However, the curve for T = 0.608 K exhibits a rather curious discrepancy
in that much better agreement is obtained with values of v’ obtained from linear fits to (5.1),
even at the lower fields. This may be due simply to the fact that »” will be small for all fields
at this high a temperature and consequently highly susceptible to any random errors in the
data. However, the way in which allowance for finite »” in the determination of v’ leads to
values which fall consistently below the predicted curve is surprising and the reasons are not
understood at present.

Another test we can apply to our model is to produce predicted curves for v’(T') at the four
fields used in our temperature scans. Of course, we have already seen the fits at low temperature
(figure 18), but we are now able to extend these so as to cover the whole temperature range
in each case. . »

To predict values of v'(T), we have worked out E’ for each data point, obtained values
of R'(E’)/K and v,(E’) from figures 21 and 22, and then used these to give v’(T'). The results
are shown in figure 25, where once again we have indicated by crosses the value of v’ obtained
by using a linear fit at higher temperatures. (For £ = 2.03 X 10° V. m™ only the linear fit is
indicated.) Agreement is excellent except at the highest field, where the predicted curve does
not fall quite rapidly enough. As before, we interpret this discrepancy as being due to
deficiencies in our simplistic model of K(7T'). Bearing in mind, however, that we have now
extended our comparison to cover the entire experimental temperature range, we believe that
the high level of agreement obtained can be construed as providing strong support for our model.

(e) Critical velocity for the creation of the vortex rings

One of our principal motivations for studying the concentration dependence of the nucleation
rate has been the hope that this will provide some clues to the nature of the microscopic processes
involved in vortex-ring creation. We shall include some speculative remarks on this topic in
§6 (¢) but, first, we need to illustrate how our model, explaining the influence of ®He impurities,
can provide what may turn out to be highly relevant information.

In III it was suggested that the measured nucleation rate, v, in pure ‘He is given by

V(E) = Lw R, (v) f(v, E) dv, (5.5)
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where f(v, E) is the ionic distribution function, and %, (v) is the intrinsic nucleation rate,
Ry (v) = Ry 0(v—1,). (5.6)

Here, v, is a critical velocity for the nucleation process, %, is a characteristic rate, and 6 is the
unit step function.
In fitting our model of the 3He-influenced process we have been able to derive values of the
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Ficure 25. Values of the coefficient »” predicted for temperatures 7 of up to 0.7 K (full curves) compared with

experimental values (points). The theoretical values were calculated through use of the reduced electric field
E’ in conjunction with the curves shown in figures 21 and 22. The crosses were derived from experimental
measurements on the assumption that »” was zero, that s, the linear approximation. The electric fields for which
the comparisons are made are; (a) E = 5.81x10* V. m™; () 1.05x10°V m™; (¢) 1.35x10° Vm™; (d)
2.03 x 10° V. m™. The deviations between theory and experiment at high temperatures in (d) are believed to
arise because of a deficiency in the model used for K(T).
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quantity v,(E), the nucleation rate for ions with a bound *He atom. By analogy, therefore,
it seems natural to write,

n(E) = f:o Por (0) fo (15, E) dv (5.7)

where Ry = R, 0(v—10,y), (5.8)

v, being the critical velocity for vortex nucleation in the presence of a bound *He atom, f, (v, E)
is the distribution function for ions with a bound *He atom, and £, is the corresponding rate.

We can attempt to fit (5.7) to the data shown in figure 19. The best fitting curves give a
value of ca. 57 ms™ for v,, (57.3 ms™! for model A and 56.8 m s™! for model B), whereas
for a bare ion the corresponding critical velocity is 60.7 m s™'. We have assumed here that
Su(vs, E) is the same as for bare ions. The quantity governing the size of the nucleation rate,
AR,, is found to be more sensitive to the model used; we find 2, = 3.6 x 10° s™! for model A
and #, =4.8x10%s7! for model B. In either case, the value is very much larger than
the corresponding quantity, %, for bare ions, which (see III) is ca. 2.6 x 103 s™1. Although
these figures cannot be taken as being wholly reliable, since we have had to guess at the form
of f,,(v, E), they do at least indicate that the presence of a bound *He atom has the dual effect
of lowering the critical velocity for vortex creation and of increasing the characteristic rate.
In §6 (¢) we will offer some tentative suggestions as to why this may occur.

Another interesting quantity that appears in our model is the rate of emission R’, of a 3He
atom with a pair of rotons. Although knowledge of this quantity would not in itself appear
to shed very much light on the vortex creation process it should be of assistance in checking
the consistency of our model since, on account of the higher critical velocity required for this
process, we would expect R’ to be smaller than the corresponding rate for ordinary two-roton
emission. Knowledge of the emission rate would also enable us to judge which of our models
is superior as this quantity, in particular, responds to the distinctions between them.
Unfortunately, however, the analysis we have so far presented only provides us with information
regarding the ratio R’/K, and does not enable us to extract values of the individual quantities
from the data.

In the next section we shall see how analysis of the quadratic term in (5.1) allows us to
evaluate R’ and K separately. We shall therefore defer further discussion of the emission rate
until §6 (d).

6. FURTHER DISCUSSION

The discovery that v(x,) curves upwards (figure 8 (a)) came as a considerable surprise. Physical
intuition had suggested that the presence of the first bound ®He atom would provide the greatest
modification to the system whereas the addition of a second *He atom would be of relatively
minor consequence. On the contrary, however, the experimental results can be taken to indicate
that the presence of a second ®He atom has a disproportionately large effect.

In this section we extend our model so as to be able to accommodate effects arising from
the presence of the second ®He atom; and we fit it to the measured values of v”, thereby
obtaining explicit values of K and R’. We conclude with a brief speculative discussion of the
results in the general context of the theories of vortex nucleation summarized in §1 (a).

(a) Nonlinear behaviour

The quantity which characterizes the nonlinearity of v(x;) is v”, the coefficient of x3 in (5.1).
We illustrated in figure 15 some of the values of v”(E) from the four lowest-temperature field


http://rsta.royalsocietypublishing.org/

A \
! B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A Y

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

INFLUENCE OF ®He ON VORTEX NUCLEATION 585

scans. In figure 26 we show values of v”(E) for the three lowest temperatures over the complete
range of fields. The scatter in the data is quite large, particularly at low fields, and it increases
with temperature until, above 0.414 K, the measured values of »” are of little use and
consequently have not been plotted. :

For all three temperatures it appears that »”(E) falls with increasing field, reaching zero for
E > 5x10* V. m™1; although, for 7" = 0.329 K, there is evidence for a possible minimum, with
v”(E) increasing slightly again at high fields. It is also possible that in high fields v”(E£) sometimes
takes negative values, but the large scatter in the data precludes a definite conclusion on this
point. Finally, we note that, at low fields, »”(E) seems to have reached a plateau region, where
it becomes independent of E.

(b) Theory of the nonlinear terms

To account for the observed form of v”(E) we shall need to extend our model slightly to allow
for multiple occupation of the bound states (§1(c)) for 3He atoms on the ion. We start by
considering how we should interpret the quantity v” in relation to the occupation numbers of
these states.

In §4 (a) we pointed out that for low concentrations, where n,, < 1, n, could be regarded
as being the probability that any given ion will have a bound 3He atom. Clearly, since we are
now considering ions with two bound *He atoms, this point of view is no longer tenable and
we need to start with a more fundamental approach.

It 